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1. Introduction 



Suppose that / : X — > Y is a dominant morphism of algebraic varieties, over a field 
k of characteristic zero. If X and Y are nonsingular, / : X — > Y is toroidal if there are 
simple normal crossing divisors Dx on X and Dy on Y such that f~ 1 (Dy) = D^, 
and / is locally given by monomials in appropriate etale local parameters on X. 
The precise definition of this concept is in [AK], [KKMS] and Definition 3.3 of this 
paper. The problem of toroidalization is to determine, given a dominant morphism 
/ : X — > Y, if there exists a commutative diagram 

X 1 ^ Y x 

*i i* (1) 

X ^ Y 

such that $ and \& are products of blow ups of nonsingular subvarieties, X\ and 
Y\ are nonsingular, and there exist simple normal crossing divisors Dy x on Y and 
Dx x = / _1 (-Dy"i) ° n such that /i is toroidal (with respect to Dx x and Dy x ). This 
is stated in Problem 6.2.1. of [AKMW] . 

A stronger form of toroidalization is also asked for in [AKMW], which we will 
call strong toroidalization. Suppose that / : X — > Y is a dominant morphism of 
nonsingular projective varieties, Dy is a SNC divisor on Y and Dx = f~ 1 (Dy) is a 
SNC divisor on AT such that the locus sing(/) where the morphism / is not smooth is 
contained in Dx ■ The problem of strong toroidalization is to determine if there exists 
a commutative diagram (1) such that <& and \& are products of blow ups of nonsingular 
centers which are supported in the preimages of Dx and Dy respectively, and make 
SNCs with the respective preimages of Dx and Dy, and /i is toroidal with respect 
to D Yl = * _1 (£>r) and D Xl = $ _1 (Dx)- 

Toroidalization, and related concepts, have been considered earlier in different 
contexts, mostly for morphisms of surfaces. Strong torodialization is the strongest 
structure theorem which could be true for general morphisms. The concept of torodi- 
alization fails completely in positive characteristic. A simple example in characterisitc 
p > is obtained from the map of curves s = t p (t p + 1). 

In the case when Y is a curve, toroidalization follows from embedded resolution 
of singularities ([H]). When X and Y are surfaces, there are several proofs in print 
([AkK], Corollary 6.2.3 [AKMW], [CP], [Mat]). They all make use of special properties 
of the birational geometry of surfaces. An outline of proofs of the above cases can be 
found in the introduction to [C3]. 

In [C3], strong toroidalization is solved in the case when A is a 3-fold and Y is a 
surface, In Theorem 0.1 of [C5] we prove toroidalization of birational morphisms of 3- 
folds. In Theorem 1.1 of [C7], we prove strong toroidalization of birational morphisms 
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of 3-folds. In this paper, we prove strong toroidalization for dominant morphisms of 
3-folds. 

Theorem 1.1. Suppose that f : X — > Y is a dominant morphism of nonsingu- 
lar projective 3-folds over an algebraically closed field k of characteristic 0. Further 
suppose that there is a simple normal crossings (SNC) divisor Dy on Y such that 
Dx = f~ 1 (Dy) is a SNC divisor which contains the non smooth locus of the map f . 
Then there exists a commutative diagram of morphisms 

X 1 ^ Y 1 
$ I I * 

X Y 

where $, VP are products of possible blow ups for the preimages of Dx and Dy respec- 
tively, and fi is toroidal with respect to Dy 1 = ^^ 1 (Dy) and Dx x = $~ 1 {Dx)- 

A 3-fold over a field k is an abstract variety over k of dimension 3. 

A possible blow up on a nonsingular 3-fold with toroidal structure is the blow up of 
a point or a nonsingular curve contained in the toroidal structure which makes SNCs 
with the toroidal structure. 

We deduce Theorem 1.1 from the following strong toroidalization theorem for mor- 
phisms of (possibly singular) varieties. 

Theorem 1.2. Suppose that f : X — > Y is a dominant morphism of 3-folds over 
an algebraically closed field k of characteristic 0. Further suppose that there is an 
equidimensional codimension 1 reduced subscheme Dy of Y such that Dy contains 
the singular locus of Y , and Dx = f~ 1 (Dy) contains the non smooth locus of the 
map f. Then there exists a commutative diagram of morphisms 

X 1 ^ Y 1 
$ I I * 

X Y 

where \& are products of blow ups of nonsingular curves and points supported above 
Dx and Dy respectively, Dy 1 = ty~ 1 (Dy) is a simple normal crossings divisor on 
Yi, Dx 1 = f 1 ~ 1 {Dy 1 ) is a simple normal crossings divisor on X\ and f\ is toroidal 
with respect to Dy 1 and Dx 1 ■ 

If we relax some of the restrictions in the definition of toroidalization, there are 
other constructions producing a toroidal morphism f\, which are valid for arbitrary 
dimensions of X and Y. In [AK] it is shown that a diagram (1) can be constructed 
where $ is weakened to being a modification (an arbitrary birational morphism). In 
[CI], [C2] and [C4], it is shown that a diagram (1) can be constructed where $ and 

are locally products of blow ups of nonsingular centers and f\ is locally toroidal, 
but the morphisms ^ and f\ may not be separated. This construction is obtained 
by patching local solutions, at least one of which contains the center of any given 
valuation. 

2. Notation 

Throughout this paper, k will be an algebraically closed field of characteristic zero. 
A curve, surface or 3-fold is an abstract variety over k of respective dimension 1, 2 or 
3. If A is a variety, and p e X is a nonsingular point, then regular parameters at p are 
regular parameters in Ox, P - Formal regular parameters at p are regular parameters 
in Ox,p- If A is a variety and Fclisa subvariety, then Ty C Ox will denote the 
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ideal sheaf of V. If V and W are subvarieties of a variety A, we denote the scheme 
theoretic intersection Y = spec(Ox /Tv +1w) by Y = V ■ W. 

Let / : A — > Y be a morphism of varieties. We will denote the singular locus of / 
by sing(/) the closed set of points p & X such that / is not smooth at p. If D is a 
Cartier divisor on Y, then f~ 1 (D) will denote the reduced divisor f*(D) re d- 

Suppose that a, b, c, d <E Q. Then we will write (a, b) < (c, d) if a < b and c < d. 

A toroidal structure on a nonsingular variety X is a simple normal crossing divisor 
(SNC divisor) D x on X. 

We will say that a nonsingular curve C which is a subvariety of a nonsingular 3-fold 
X with toroidal structure Dx makes simple normal crossings (SNCs) with Dx if for 
all p £ C, there exist regular parameters x,y, z at p such that x = y = are local 
equations of C, and xyz = contains the support of Dx at p. 

Suppose that X is a nonsingular 3-fold with toroidal structure Dx • If P € Dx is 
on the intersection of three components of Dx then p is called a 3-point. If p G Dx 
is on the intersection of two components of Dx (and is not a 3-point) then p is called 
a 2-point. If p £ Dx is not a 2-point or a 3-point, then p is called a 1-point. If C 
is an irreducible component of the intersection of two components of Dx , then C is 
called a 2-curve. £(A) will denote the closed locus of 2-curves on X. 

A possible center on a nonsingular 3-fold X with toroidal structure defined by a 
SNC divisor Dx, is a point on Dx or a nonsingular curve in Dx which makes SNCs 
with Dx ■ A possible center on a nonsingular surface S with toroidal structure defined 
by a SNC divisor Ds is a point on D$. We will also call the blow up of a possible 
center a possible blow up. 

Observe that if $ : X\ — > X is the blow up of a possible center, then Dx 1 = 
$ _1 (£>x) is a SNC divisor on X\. Thus Dx 1 defines a toroidal structure on X\. All 
blow ups $ : X\ — > A considered in this paper will be of possible centers, and we will 
impose the toroidal structure on X\ defined by Dx 1 — $~ 1 (Dx)- 

By a general point q of a variety V, we will mean a point q which satisfies conditions 
which hold on some nontrivial open subset of V. The exact open condition which we 
require will generally be clear from context. By a general section of a coherent sheaf 
T on a projective variety X, we mean the section corresponding to a general point of 
the fc-linear space T(X,J 7 ). 

If A is a variety, k(A) will denote the function field of A. A O-dimensional valuation 
v of k(A) is a valuation of k(A) such that k is contained in the valuation ring V v of 
v and the residue field of V v is k. If A is a projective variety which is birationally 
equivalent to A, then there exists a unique (closed) point p\ £ X\ such that V v 
dominates Ox llPl - Pi is called the center of v on X\. If p e X is a (closed) point, 
then there exists a O-dimensional valuation v of k(A) such that V v dominates Ox.p 
(Theorem 37, Section 16, Chapter VI [ZS]). For a\, . . . , a n € k(A), v{a\), . . . , v(a n ) 
are rationally dependent if there exist a\ , . . . , a n € Z which are not all zero, such that 
a\v{ai) + • • • + a n u(a n ) = (in the value group of v). Otherwise, v{a\), . . . , u{a n ) 
are rationally independent. 

If Xi, . . . ,x n are indeterminates, and M, = YTj=i x °j 13 are monomials for 1 < i < m, 
then we will denote rank(Mi, . . . , M m ) = rank(ay). 



3. TOROIDAL MORPHISMS AND PREPARED MORPHISMS 

Suppose that A is a nonsingular variety with toroidal structure Dx- We will say 
that an ideal sheaf X c Ox is toroidal if 1 is locally generated by monomials in local 
equations of components of Dx- 
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Suppose that gel. We say that u,v,w are (formal) permissible parameters at q 
(for Dx) if u, v, w are regular parameters in Ox,q such that u — is a local equation 
of Dx at q if q is a 1-point, to = is a local equation of Dx at q if g is a 2-point 
and tow = is a local equation of Dx at q if q is a 3-point. u,v,w are algebraic 
permissible parameters if we further have that u,v,w G Oj?,,. 

Definition 3.1. Lef / : X — > Y be a dominant morphism of nonsingular 3-folds with 
toroidal structures Dy on Y and Dx = f (Dy) on X such that sing(f) C Dx- 
Suppose that u,v,w are (possibly formal) permissible parameters at q GY. Then u,v 
are toroidal forms at p G f~ 1 {q) if there exist permissible parameters x, y, z in Ox, P 
such that 

1. q is a 2-point or a 3-point, p is a 1-point and 

u = x a ,v = x b (a + y) (2) 

where ^ a G k. 

2. q is 2-point or a 3-point, p is a 2-point and 

u = x a y h ,v = x c y d (3) 

with ad — bc^ 0. 

3. q is a 2-point or a 3-point, p is a 2-point and 

u=(x a y b ) k ,v=(x a y b ) t (a + z) (4) 

where ^ a G k, a, b, k, t > and gcd(a, b) = 1. 

4. q is a 2-point or a 3-point, p is a 3-point and 



u = x a y b z c ,v = x d y e z f (5) 



where 



rank ( a . ^ ° r I = 2. 
K d e f , 



5. q is a 1-point, p is a 1-point and 

u = x a ,v = y (6) 

6. q is a 1-point, p is a 2-point and 

u = (x a y b ) k ,v = z (7) 

with a, b, k > and gcd{a, b) = 1 

Regular parameters x, y, z as in Definition 3.1 will be called permissible parameters 
for u, v, w at p. 

Lemma 3.2. Suppose that q G Y, p G f~ x {q) and u, v, w are permissible parameters 
at q such that u, v are toroidal forms at p. Then there exist permissible parameters 
x, y, z for u, v,w at p such that an expression of Definition 3.1 holds for u and v, and 
one of the following respective forms for w holds at p. 

1. q is a 2-point or a 3-point, p is a 1-point, u,v satisfy (2) and 

w = g(x,y) + x c z (8) 

where g is a series. 

2. q is 2-point or a 3-point, p is a 2-point, u,v satisfy (3) and 

w = g(x,y) + x e y f z (9) 

where g is a series. 
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3. q is a 2-point or a 3-point, p is a 2-point, u,v satisfy (4) and 

w = g(x a y b ,z)+x c y d (10) 

where g is a series and rank(u, x c y d ) = 2. 

4. q is a 2-point or a 3-point, p is a 3-point, u,v satisfy (5) and 

w = g(x,y,z) + N (11) 

where g is a series in monomials M in x,y,z such that rank{u,v,M) = 2, 
and N is a monomial in x, y, z such that rank{u, v, N) = 3. 

5. q is a 1-point, u,v satisfy (6) and 

w = g(x,y) + x c z (12) 

where g is a series. 

6. q is a 1-point, p is a 2-point, u,v satisfy (7) and 

w = g(x a y b ,z)+x c y d (13) 

where g is a series and rank(u,x c y d ) = 2. 

Lemma 3.2 and its proof are Lemma 3.2 [C5]. 

Definition 3.3. flKKMS], [AK]) A normal variety X with a SNC divisor D T on X 
is called toroidal if for every point p E X there exists an affine toric variety X a , a 
point p' e X a and an isomorphism of k-algebras 

such that the ideal of corresponds to the ideal of X a —T( where T is the torus in 
X a ). Such a pair {X a ,p') is called a local model at p G X . D-^ is called a toroidal 
structure on X. 

A dominant morphism $ : X — > Y of toroidal varieties with SNC divisors Dy on 
Y and Dj^ = &~ (Dy) on X, is called toroidal at p G X , and we will say that p is a 
toroidal point of & if with q — &(p), there exist local models (X a ,p') at p, (Y T ,q') at 
q and a toric morphism ^ : X a — > Y T such that the following diagram commutes: 

d* t T 

6 Yq - Oy T , q , 

$ : X — > Y is called toroidal (with respect to Dy and D^-) if $ is toroidal at all 

pel. 

The following is the list of toroidal forms for a dominant morphism / : X — > Y 
of nonsingular 3- folds with toroidal structure Dy and Dx = f~ 1 (Dx)- Suppose 
that p G Dx, q = f(p) G Dy, and / is toroidal at p. Then there exist permissible 
parameters u,v,w at q and permissible parameters x,y,z for u,v,w at p such that 
one of the following forms hold: 

1. p is a 3-point and q is a 3-point, 

u — x a y b z° 
v = x d y e zf 
w = x 9 y h z l , 

where a, b, d, e, /,j,/i,i6N and 

a b 

Det I d e f 1^0. 
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2. p is a 2-point and q is a 3-point, 

u = x a y b 

d e 
V = XV, 

w = x 9 y h (z + a) 

with 0/a€i; and a, b, d,e,g,h G N satisfy ae — bd ^ 0. 

3. p is a 1-point and q is a 3-point, 

u = x a 

v = x d (y + a) 

w =x 9 (z + j3) 

with ^ a, /3 G fc, a, d, g > 0. 

4. p is a 2-point and q is a 2-point, 

u — x a y b 

d p 

v = x a y e 
w = z 

with ae — bd ^ 

5. p is a 1-point and q is a 2-point, 

u = x a 

v = x d (y + a) 

w = z 

with ^ a G k, a, d > 0. 

6. p is a 1-point and q is a 1-point, 

M = X a 

v =y 

w = z 

with a > 0. 

Definition 3.4. Let notation be as in Definition 3.1. u,v,w have a (non toroidal) 
monomial form at p G f^ 1 (q) if 

1. w, u /mue a /orm (%) at p, q is a 2-point and w — x c (z + a) for some c G N 
with c > 0, a G k. 

2. u,v have a form (3) at p, q is a 2-point and w — x e yf(z + a) for some 
e,/ G N, e + f > 0, a G k. 

3. u, v have a form (4) at p and w — x c y d with ad — be ^ 0. 

4. u, v have a form (5) at p, q is a 2-point and w — x g y h z % with 

(a b c \ 
d e / 7^0. 
g h i J 

5. it, u aawe a /orm (6) at p and w — x b (z + a) with b G N ; b > 0, a G k. 

6. u, v have a form (7) at p and w — x c y d with ad — be ^ 0. 

A prepared morphism <I>x : X — > S from a nonsingular 3-fold X to a nonsingular 
surface S (with respect to toroidal structures D$ and Dx = ^^(Ds)) is defined in 
Definition 6.5 [C3]. 

Remark 3.5. Suppose that f : X — > Y is a dominant proper morphism of nonsingular 
3-folds with toroidal structures determined by SNC divisors Dy on Y and Dx = 
f^ 1 (Dy) on X, and Dx contains the singular locus of the morphism f. With our 
assumptions on f, f is generically finite. Recall that the fundamental locus of a 
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generically finite morphism f : X — > Y of nonsingular proper varieties is {p G Y \ 
dim f~ l {p) > 0}. The fundamental locus is a closed set of codimension >2inY. Let 
X be the normalization ofY in the function field of X , with induced finite morphism 
X : X — > Y. The branch locus of A is contained in the SNC divisor Dy. Let E 
be an irreducible component of Dy ■ By Abhyankar's lemma (c.f. XLLL 5.3 [G]), the 
irreducible components of X^ 1 (E) are disjoint. Thus the irreducible components of 
Dx which dominate E are disjoint. 

Definition 3.6. A dominant morphism f : X — > Y of nonsingular 3-folds with 
toroidal structures determined by SNC divisors Dy on Y, and Dx = f~ 1 (Dy) on X 
such that the singular locus of f is contained in Dx is prepared for Dy and Dx if: 

1. If q <EY is a 3-point, u,v,w are permissible parameters at q and p G f~ 1 (q), 
then u, v and w are each a unit (in Ox,p) times a monomial in local equations 
of the toroidal structure Dx at p . Furthermore, there exists a permutation 
of u, v, w such that u, v are toroidal forms at p. 

2. IfqGY is a 2-point, u,v,w are permissible parameters at q and p G f~ 1 (q), 
then either 

(a) u, v are toroidal forms at p or 

(b) p is a 1 -point and there exist regular parameters x,y,z G Ox, P such that 
there is an expression 

u = x a 

v = x c (^(x, y) + x d z) 
w =y 

where 7 is a unit series and x — is a local equation of Dx , or 

(c) p is a 2-point and there exist regular parameters x,y, z in Ox, P such that 
there is an expression 

u = (x a y b ) k 

v = {x a y b ) l { 1 {x a y b , z) + x c y d ) 
w = z 

where a, b > 0, gcd(a, b) = 1, ad — be 7^ 0, 7 is a unit series and xy = 
is a local equation of Dx ■ 

3. If q EY is a 1-point, and p G f^ 1 (q), then there exist permissible parameters 
u, v,w at q such that u, v are toroidal forms at p. 

Lemma 3.7. Suppose that X,Y are projective, f : X Y is a prepared morphism 
of 3-folds, and q G Dy is a 1-point. Then there exist algebraic permissible parameters 
u,v,w at q such that a form (6) or (7) of Definition 3.1 (for this fixed choice of 
u,v,w) holds at p for all p G f~ 1 (q)- 

Proof. Let q G Y be a 1-point, u,v,w be permissible parameters at q, X be the 
normalization of Y in k(X). We have a natural commutative diagram 

X ^ Y 
9 \ T_A • 
X 

Let \^ 1 {q) = {qi, . . . , q n }. Abhyankar's Lemma implies that X is nonsingular above 
a neighborhood of q, and there exist permissible parameters m, Vi, Wi at qi and rj G N 
such that 

u = Ut*,v =Vi,w = Wi. 
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Lemma 3.5 [C5] (applied to g : X — > X) implies Ui,avi + (3wi are toroidal forms at 
all points of g^ 1 {qi) for a dense open set of (a, (3) G k 2 . The condition is that = 
avi + [3wi — intersects the (nonsingular at fundamental locus of g transversally 
at qi. Thus there exist a, (3 G k such that u,av + (3w are toroidal forms at all 
pef-Hg). □ 

Lemma 3.8. Suppose that f : X — ► Y is a prepared morphism of 3-folds and E is a 
component of Dx such that f(E) — C is a curve which is not a 2-curve. Suppose that 
q G C is a 1 -point. Then all formal branches of C are smooth at q, and there exist 
permissible parameters u,v,w at q such that u — w — are (formal) local equations 
of C at q. 

Proof. Suppose that p G / _1 (?) H E. There exist permissible parameters u, v, w at q 
such that one of the following forms hold. 
p is a 1-point: 

u = x a ,v = y,w = g(x,y) + x n z (14) 

where x = is a local equation of E, or 
p is a 2-point: 

u = {x a y b )\ v = z,w = g{x a y\ z) + x c y d (15) 

where a, b > 0, ad — be ^ and x = is a local equation of E. 

In case (14), we have an expression w = 4>(y) + x£l in Ox.p (ti > since f(E) = C). 
u = w — 4>{y) — is a local equation of a branch of C. 

In case (15), one of the following must hold in Ox.p ■ 

w = 4>{z) + xyfl, (16) 



w = <j>{z) + xyQ, + x c (17) 

where c > 0, or 

w = (j>{z) + xyfl + y d (18) 

where d > 0. 

In cases (16) or (17), we have 

= u = w — 4>{z) 

is a local equation of a branch of C at q. 

Suppose that case (18) holds. f{E) — C a curve implies that there exists an 
irreducible series ^(x,y) in a power series ring k[[x, y]] such that x divides &(v, w) in 
Ox. P - 

*(u, w) = *(z, 4>(z) + xyfl + y d ) 

implies ^(0, y d ) — (set x = z = 0), which implies that x | ^(x,y). Since &(x,y) is 
irreducible, we have that ^Sf = x X where A is a unit series. This is a contradiction. □ 

We recall Theorem 1.3 of [C7]. 

Theorem 3.9. (Theorem 1.3 [C7]) Suppose that f : X — > Y is a dominant mor- 
phism of nonsingular projective 3-folds over an algebraically closed field k of char- 
acteristic zero, with toroidal structures determined by SNC divisors Dy on Y and 
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Dx = f 1 (Dy) on X such that Dx contains the singular locus of f. Then there 
exists a commutative diagram 



x 1 


h 


Y 1 








X 


Y 



such that ^ and <f> are products of possible blow ups for the preimages of Dy , Dx 
respectively, such that f\ is prepared for Dy 1 = ^^ 1 {Dy) and Dx 1 = &~ 1 (Dx), and 
D Xl - 

4. The t invariant 

Throughout this section, we assume that / : X — > Y is a dominant morphism of 
nonsingular 3-folds. 

Definition 4.1. Suppose that f : X — > Y is prepared. 

Suppose that p e X . Define Tf(p) = r(p) = -co if there exist permissible param- 
eters u,v,w at q such that u,v,w are toroidal forms at p. (The existence of such 
formal parameters u,v,w implies the existence of algebraic permissible parameters). 

Suppose that p £ X is a 3-point, and r(p) ^ — oo. Suppose that u, v, w are permis- 
sible parameters at q = f(p). Then there is an expression (after possibly permuting 
u,v,w if q is a 3-point) 

u = x a y b z c 

v = x d y e zf (19) 

where x,y,z are permissible parameters at p for u,v,w, rank(u,v) — 2, the sum in 
w is over (possibly infinitely many) monomials Mi — x ai y bi z Ci in x,y,z such that 
rank(u,v, Mi) = 2, deg(Mi) < deg(Mj) if i < j, N is a monomial in x,y,z such that 
rank(u, v, N) = 3 and N j(M t for any Mi in the series a iMi- 

If q is a 3-point andu,v,w is not a toroidal form (atp), we necessarily have (since 
f is prepared) that 

J2a i M i = M (n (20) 

Mj 
Mo 



where 7 is a unit series in the monomials (in x,y,z) such that 

rank(u, v, Mo) — rank(u, v, -rj-) = 2 

M 

for all i, and M \ N. 

Define a group H p = Hf tP as follows. The Laurent monomials in x, y, z form a 
group under multiplication. We define H p = Hf tP to be the subgroup generated by 
u,v and the terms Mi appearing in the expansion (19). We will write the group H p 
additively as: 

H p = H f,p = ( a > b > C ) Z + ( d > e -> /) Z + &l ' Cj ) Z ' 

Define a subgroup A p of H p by: 

(a, b, c)Z + (d, e, f )Z + (a ,b , c )Z if q is 3-point 
(a, b,c)Z + (d, e, f )Z if q is a 2-point. 

Define 

Lp — Lf lP = Hp/Ap, 
r(p) = T/(f>) =| L p I . 



A p = A f,P = { 
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Suppose that p G X is a 2-point, and r(p) ^ — oo. Suppose that u, v, w are permis- 
sible parameters at q — f{p) (which satisfy the conclusions of Lemma 5.4 if f{p) = <1 
is a 1-point). Then there is an expression (after possibly permuting u,v,w if q = f(p) 
is a 3-point) of one the following forms: 

q is 2-point or a 3-point: 

u = x a y b 

v = x c y d (21) 
w = E^o^^V (> + /?) 

where x,y,z are permissible parameters at p for u,v,w, and x e yf jfx ai y bi for all i, 
or 

q is a 2-point or a 3-point: 

u = {x a y b ) k 

v = {x a y b ) t (z + (3) (22) 

w =E t >o a ^ z )( xa y b T + xC y d 

where gcd(a,b) = 1, x,y,z are permissible parameters at p for u,v,w, and x c y d jf 
(x a y b ) 1 for all i, or 
q is a 2-point: 

u = (x a y b ) k 

v = ^a i {z){z a y b ) i + x c y d (23) 
w = z 

where gcd(a,b) — 1, x,y,z are permissible parameters at p for u,v,w, and x c y d jf 
(x a y b ) 1 for all i, or 
q is a 1-point: 

u = {x a y b ) k 

v = z (24) 

w =E t >o a *( z )( xa y b Y + xC y d 

where gcd(a,b) — 1, x,y,z are permissible parameters at p for u,v,w, and x c y d jf 
(x a y b Y for all i. 

If q is a 3-point, we necessarily have (since f is prepared) that 

w = M07 (25) 

where 7 is a unit series. 
In equation (23), we have 

v = (xV) i0 7 (26) 

where 7 is a unit series. 

Suppose that (21) holds. Then define 

t( p ) = el ((a, b)Z + (c, d)Z + (*> i) z )/(( a ' 5 ) z + ( c > rf ) z ) 

if q is a 2-point, 



r(p) = t [ ((a, b)Z + (c, d)Z + J2 ^ & 0Z)/((a, b)Z + (c, d)Z + (a , b a )Z) 

a i:j =£0 
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if q is a 3-point, and M = x a °y b ° in (25). 
Suppose that (22) holds. Then define 



t( p ) =£\{kZ + tZ+J2 *Z)/(fcZ + *Z) 

ai =£0 



if q is a 2-point, 



r(p) = £ (jfeZ + tZ + iZ)/(fcZ + tZ + i Z) 

if q is a 3-point, and M — x l °j in (25). 

Suppose that (23) (and (26)) hold. Then define 

t( P ) =ll(kZ+J2 *Z)/(fcZ + i a Z) ] . 

Suppose that (24) holds. Then define 

t( P )=£ (fcZ+ *Z)/fcZ 

Suppose that p 6 X is a 1-point, and r(p) ^ — oo. Suppose that u, v, w are permis- 
sible parameters at q = f(p) which satisfy the conclusions of Lemma 5.4 if f(p) = q 
is a 1-point. Then there is an expression (after possibly permuting u 7 v,w if q = f(p) 
is a 3-point) of one the following forms: 

q is 2-point or a 3-point 

u = x a 

v =x b (a + y) (27) 
w = J2t <c a dy) xl +x c {z + [3) 
where x, y, z are permissible parameters at p for u, v, w, or 
q is 2-point 



« =T, l<c ^{y)x l +x c {z + l3) (28) 
w =y 

where x, y, z are permissible parameters at p for u, v, w, or 
q is a 1-point 

u = x a 

v =y (29) 
w = J2t<c a ^(y) xl +x c {z + [3) 
where x, y, z are permissible parameters at p for u, v, w. 
In case (27) we have 

w = x l0 7 (30) 
where 7 is a unit series if q is a 3-point. In case (28) we have 

v = x la 1 (31) 

where 7 is a unit series. 
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Suppose that (27) holds. Then define 



r(p) =i[(aZ + bZ+Y: *Z)/(aZ + bZ) 

ai =£0 



if q is a 2-point, 



r(p) = I (aZ + 6Z + iZ)/(aZ + feZ + i Z) 

if q is a S-point. 

Suppose that (28) holds. Then define 

r(p) = * I (aZ + ^ *Z)/(aZ + ^oZ) ] . 

Suppose that (29) holds. Then define 

r(p) = I I (aZ + ^ iZ)/aZ 

Observe that r(p) < oo in Definition 4.1, since i/ p is a finitely generated group, 
and H p /Ap is a torsion group. 
We define 

T (X) = T f (X) = max{T/(p) | p e X}. 

Lemma 4.2. Suppose that f : X — > Y is prepared and p G Dx- Then T/(p) is 
independent of choice of permissible parameters u,v,w at q = f{p) and permissible 
parameters x, y,z at p for u, v, w. 

Proof. This is proved in Lemma 3.10 of [C5] when p is a 3-point. We give here a 
proof when p is a 1-point and q = f(p) is a 2-point or a 3-point. The proof in the 
remaining cases is similar. 

This is not difficult to prove when there exists a computation of Tf(p) which gives 
— oo, so we will assume that T/(p) > for all computations of r/(p). 

Assume that p is a 1-point, and that q = f(p) is a 2-point or a 3-point. Suppose 
that u 7 v,w are permissible parameters at q, such that u,v,w have an expression of 
the form (2) and (27), or of the form 2 (b) of Definition 3.6 and (28). 

We will first show that for fixed permissible parameters u,v,w at q, Tf(p) is in- 
dependent of choice of permissible parameters x,y, z for u,v,w at p which have an 
expression of type (2) (and (27). 

We have that u,v,w have an expression 

u = x a 

v =x b (a + y) (32) 
w = Ej=o <*ij (v) xh +x c {z + (3) 
where ij < c for all j, and ct ij (y) ^ for all j. 

If x,y,z are other permissible parameters for u 7 v,w at q, which also give an ex- 
pansion of type 2 (and (27)), then we have x = lox where io a = 1, and thus y = u~ b y, 
z = lj~ c z. Thus the computation of r/(p) for x,y,z is the same as for x,y, z. 

By a similar calculation, for fixed permissible parameters u, v, w at q, we may show 
that r is independent of choice of permissible parameters x, y, z for u, v, w at p which 
have an expression of type 2 (b) of Definition 3.6 and (28) at p. 
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Now suppose that q is a 2-point, and u,v,w admit expressions of both the form 
2 (b) of Definition 3.6 and of the form (2) at p. Let n be the computation of Tf(p) 
from a representation of u, v, w in the form 2 (b) of Definition 3.6, and let r 2 be the 
computation of Tf(p) from a representation of u,v,w in the form of (2). 

Since u, v, w have an expression of type 2 (b) at p, there are permissible parameters 
x, y, z at p such that there is an expression 

u — x a 

« =£?=o +x c (z + P) (33) 

w =y 

of the form (28), where ay are all nonzero and ij < c for all j. t\ is the computation 
of Tf(p) for this expression, since u,v,w also have an expression of type (2) at p, as 
u, v are toroidal forms at p. Since t± > 0, we have 

v = {a + yX{y))x lQ + a n (y)x n + ■ ■ ■ + a in {y)x in + x c (z + (3) 

where ^ a = Qj o (0) G k and X(y) is a unit series. Set 

y = y\(y) + a n {y)x^ + ■•■ + «,„ {y)x i ^ + x c ^ (z + (3). 

Then 

y = Xiyy'y - \{y)~ 1 a il (y)x^ X(y)~ 1 a in (y)x in ~ io - x^'X^y^z + (3). 

(34) 

Iterate, substituting (34) into successive iterations of (34), to get a series P such that 
y = P(y,x ll - l< >,. . . , x l "- l< >) + x c - io n 

for some O G Ox, P - 

We compute the Jacobian determinant 

Detf d ^ V ^)=-ax^-\ (35) 



We have 



and 



d(x,y,z) 



u = x a 

v = x %a (y + a) 

w =~P{y,x ll - la ,... .x^-^ + x^n, 



Detf J'!' W jUa^-f. (36) 
V 9(x,y,z) ) dz 

Since (35) and (36) differ by multiplication of a unit series, |^ (0,0,0) ^ 0. Set 
= Q{0, 0,O),z = Q-0. We have 

u = x a 

v — x la (y + a) 

w =~P{y,x ll - la ,... ,x 1 ™- 10 ) + x c - l0 (j3 + z). 
Ti is the value of r/(p) for this expression, computed from (27). We have 

r 2 < t ((aZ + i Z + £" =1 fe - *o)Z)/(oZ + »oZ)) 

= I ((aZ + E" =0 ijZ)/(aZ + * Z)) ( 37 ) 
= n- 
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Wc now show that n < ti- Since u, v, w have an expression of type (2) at p, we 
have an expression 



u = x" 

v = x b (a + y) (38) 
w = P(x,y) + x c (z + 13) 

of the form (27), where 

P = a l0 (y) + a n (y)x 11 H h«,„ (y)x 1 " , 

T2 is the computation of T/(p) for this expression. Since r 2 > 0, and u,v,w also 
have an expression of type 2 (b) of Definition 3.6, we have ^(0,0) ^ 0. We then 
have 

ono(y) = vMy) 

where A is a unit series. Set z = P + x c (z + [3). We have 

V = Kvy 1 ^- a ll {y)x n a ln (y)x l " -x c (z + /?)] 

= \(y)- l z - AforV (y)x^ A^)" 1 ^ (y)x^ - \{y)~ 1 x°{z + 0) 

Iterate, substituting (39) into successive iterations of (39), to get series P and ft such 
that 

y = P(z, x l1 , . . . , x ln ) + x c Q(z, x, z). 
Thus we have an expression 

u = x a 

v = x b (a + P(z,x il ,... ,x i "))+x b+c fl 
w =z. 



We compute the Jacobian determinant from (38), 



Det( Ua^" 1 
d{x,y,z) 



We compare with 



d(u,V, W ) A _ 

^ \ d(x,z,z) )- aX dz' 
to see that §§(0,0,0)^0. Set /? = Q(0, 0,0),y = Q — /3. Wc have 

u = x a 

v = x b (a + P(z,x il ,... ,x in )) + x b+c {]3 + y) 
w =z 

in the form of 2 (b) of Definition 3.6. n is the value of r/(p) for this expression. We 
compute from (28), 

n <*((aZ + 6Z + £"= iiZ)/(aZ + 6Z)) ^ 

By (37) and (40) we see that n = r 2 . 

From our calculations so far, we conclude that for fixed u, v, w, Tf(p) is independent 
of choice of permissible parameters x, y, z for u, v, w at p. 

Now we will show that if U\,V\,W\ are a permutation of u, v, w such that U\,vi,wi 
have one of the forms (2) and (27) or 2 (b) of Definition 3.6 and (28) at p, then we 
obtain the same value of Tf(p). 
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First suppose that u\ = v,vi = u, wi = w, and u, v are toroidal forms at p (so 
that (2) holds). Then u,v,w have an expression (32) at p. We have 

u\ = v = x b 

V\ = u = x a (a + y) 

where x = x(a + y)~^ , a = , and y = X(y)y for an appropriate unit series X(y). 
Set 

p = 0a-i,z=(z + p)(a + \(y)y)-i -p. 

We have 

w =E"=o^( A (y)F)( a +^(y)y)"^^ +x c (z + P)(a + \(y)y)- £ > 
= E; = o^(I)^+^ c (/3 + z) 

where aij(y) ^ for all j. 

Let n be the calculation of r/(p) for the variables u, v, w, and let T2 be the calcu- 
lation of t for the variables Ui,vi,w\. We see that t\ = r 2 . 

Now suppose that ui = v,v\ — u,wi — w, and u,v,w have an expression of the 
form 2 (b) of Definition 3.6 and (28). u,v,w have an expression (33) at p. We have 

u = x a 

v = a* (£" =0 c^. (y)a* + .t c - j « (z + /3)) 
to = y 

where ai g (y) is a unit series. Set 

7 = -io +^ i0 (^ + /3). 

Define 3? by 

i_ 

x = ^7 *o . (41) 

We have a series P and fi £ 0a, p such that 
u\ = v = x l() 

vi = u = x a j~ t = s a (P(y , x Jl , . . . , x in ~ io ) + x c - l « Q) 
to = y 

By iterating substitution of (41) in P(y,x n ~*°, . . . jX 1 ™ -10 ), we see that there is a 
series 'P{y,x il - i °, . . . ,x l "~ l °) and ft G 0a> such that 

«i = ^(P(y,z il -*<>,... ,x^- la )+x c - la TT). 

Since the Jacobians 

Detl 9 S U ^ W ) )=-ax»+^ 



and 



d(x,y,z) 



Dot ( J^'^U-ioar^- 1 ^ 

' d(x,y,z) ) dz 



differ by multiplication by a unit, ^(0, 0, 0) 7^ 0. 
Set 

/3 = 0(0,0,0), z = fi-/3. 
Then x, y, z are regular parameters in Ox,p, and 
ui = x 10 

Vl = x a P(y,x il - i °,... ,x 1 "- 10 ) +x a+c - l0 (/3 + z) 
w = y. 
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Let Ti be the calculation of r/(p) for the variables u, v, w, and let T2 be the calcu- 
lation of Tf(p) for the variables u\,v\,wi (from (28). We see that n < ti- From this 
argument for the change of variables u\,v\,w\ to u, v, w, we see that r 2 < n, so that 
n = r 2 . 

Now suppose that q is a 3-point, u,v,w have an expression (2) and (27), and 
Mi = w, vi = v, wi = u also have an expression (2) and (27). 
We have 

u = x a 

v =x b (a + y) (42) 
w = z io (E"=o a l] (y)x^- 10 + x c -^){z + /?)) 

where n < c, (y) 7^ for all j, and ai a (y) is a unit series. Set 



7 = E a H {y)^ + x c ~ io (z + (3). 
3=0 



Set x — x'f . We have 



Ui = w = x l ° 



vi = v = x b j ; o (a + y) 

a_ 

Wl = u = x a j '« . 

As we are assuming that all calculations of Tf(p) are > 0, we have that c > 0. 
Since w, v are assumed to be toroidal forms at p, we then have 

|-( 7 -*(a + y))(0,0,0)^0. 

Set 

b_ b_ 

a — 7 < o(0,0,0)a, y = 7 i °(a + y) — a. 

We have 

x = x[(a + y)- 1 (y + a)]i. (43) 
There exists a unit series X(y), series a ri ,...r n {y), and £1 e Ox, P , such that 
y = yX(y) + ^ 5 ri! ..., r „()/)i (ll - 1 » )ri • • . x (l "- lo)r " + z^O. 

ri,... ,r T1 >0 

Thus 

y = yXiy)- 1 - ]T X(y)~ 1 a rit ... , r „ (j,)^ 1 "^ 1 • • • - x c ^ io X(y)^ 1 Ti. 

n,...,r n >0 (44) 

There exists a series 

P(y,x ll - l «,... ,x^- la ) (45) 

such that u = x a (P + x c - lQ Q) for some O e 6 X , P - 

Substituting (43) and (44) into successive iterations of (45), we see that there is a 
series P(y,x il_io , . . . ,x l "~ l °) and W G 6 X:P such that 

W 1 =u = x a (P{y,x ll - l \... ,x^- la )+x c - ta VL'). 

Thus there is an expression 

Ul = w = x 10 

v x =v = x b {a + y) (46) 
u =x a (P(y,x il - io 1 ... ,Wi = x^- l «) +x c - la n'). 
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We compute the Jacobian determinants 



and 



Detf % u > v > w )) =aa r«+°-i 

Detf 2^ 1 f 1 M=^ +6+c - 1 ^. 
V 9(x,y,z) I dz 



Thus (0,0,0) ^ 0. Set 

~P = Q! (0,0,0), z = Q' -0. 



x,y,z are regular parameters in We have an expression 



Ml = w =x l ° 



V!=v = x b (a + y) (47) 
W\ = u = x a P(y, x 11 ~ ia , . . . , x l " - t0 )+ x a+c -' 1 " (fi + z) 

of the form (27). 

Let T\ be the computation of 77 (p) from (47) , t 2 be the computation of 77 (p) from 
(47). We see that n < r 2 . 

By this argument applied to the change of variables u\ — w,vi — v,wi = u to 
u, v, w, we see that t 2 < ti, so that 71 = t 2 . 

There is a similar calculation if u\ — u, v\ — w, w\ = v. 

Now all other permutations u\,v\,w\ of u,v,w such that U\,vi,wi have a form 
(2) and (27) at p (so that Ui,v\ are toroidal forms at p) are a composition of change 
of variables of the three types analyzed above. We have shown that 77 (p) is invariant 
under such change of variables. Hence we get the same evaluation of 77 (p) for all 
possible permuations of the variables u 1 v, w and ui,vi,wi. 

Now assume that u\ = u, vi = v and w\ are permissible parameters at q. 

Suppose that u 7 v,w have an expression of the form (2) at p. We then have an 
expression (32) of u, v, w. Let n be the computation of r/(p) for this expression. Set 



We have an expansion 



3=0 



w 1 =^2g i {u,v)w i (48) 



and Wi — W7 where j(u, v, w) is a unit series if q = f(p) is a 3-point. 
Substitute w = P + x c (z + j3) into (48) to get 



00 i / -\ 

i— n ■i— n V/ 



1 -^ c (;j + /?) j . 



i=0 j=0 

We see that there exists a series P(y, x a , x b , x l ° , . . . , a; 2 " ) such that 

Wl = p( Vi x a : x \ x io ,..., x*» ) + x c n 
for some series fi. Comparing the Jacobian determinants 

Detf f'^,M=a^- [ 
d{x,y,z) ■ 



and 

d{x,y,z) J ~ dz 



Detl JS"'"'^) ^ =a ^+c-i__ 2 
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we see that f£ (0,0,0) # 0. Set 

/? = r2(o,o,o), z = n-p. 

We have 

u — x a 

v = x b (a + y) 

Wl =P(y,x a ,x b ,x t0 ,... ,x l ") + x c {z + 0) 

of the form of (27). Further, we have w\ — x lal J where ^f(x,y,z) is a unit series if 
q = f(p) is a 3-point. Let T2 be the computation of r/(p) for this expression. We see 
that T2 < r\. Now applying this argument to the change of variables from u, v, wi to 
u, v, to, we see that n = T2. 

Now suppose that u, v, w have an expression of the form 2 (b) of Definition 3.6 and 
(28) (so that q = f(p) is a 2-point). We have 

u = x a 

v =E%a ij (y)x i ^ + x c (z + 0) 
w =y 

where on - (y) are all nonzero and ij < c for all j. 
Let n be the computation of r/(p) for u, v, w. 

By the formal implicit function theorem, there exists a unit series j(u, v, to) and a 
series <p(u, v) with 0(0, 0) = such that w\ = 7(to — (f>). We have 

w 1 = j(0,0,y)y + xtt 

for some series Q(x, y, z). We may thus set y = w\, and have that x, y, z are regular 
parameters in Ox,p- 

There exist a unit series ao(y) and series a r0j ... jr „ (y) such that there is an expres- 
sion 

y = a (y)y+ E a ro _^(y)x l ° r °+---+^+x c n 

r H hr„>0 

with a (0) ^ 0. 

We thus have an expression 

y = a {) {y)- 1 y- ]T MvT^,.. ,rM*™ + "^ rn + ^(vT^- 

r o + -+r n >0 (49) 

We substitute (49) into successive iterations of 

n 

v = + x c {z + 0) 

3=0 

to obtain an expression 

v = P{y,x la ,... ,x l ") + x c n. 
Comparing the Jacobian determinants 

\ o{x,y,z) J 

and 

V 9(x,y,z) J dz' 
we see that f£(0, 0, 0) ^ 0. Set 

= ^(0,0,0), z = Q-0. 
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x, y, z are regular parameters in Ox, P , and we have an expression 

u = x a 

v =P(x 40 ,... ,x^)+x c (z+]3) 
wi =y 

of the form of (28). Let r 2 be the computation of r/(p) for u, v, w\. We have Ti < t\. 
Now applying this argument to the change of variables from u, v, w\ to u, v, w, we see 
that T\ — T2- 

Using the above techniques, we can show that we have the same computation of 
Tf(p) for a change of variables 

ui = \iu, v\ = A 2 w, wi = w 

where Ai, A 2 are unit series. 

Finally, suppose that u\,v\,w\ are arbitrary permissible parameters at q. Then 
ui, vi , wi may be obtained from u, v, w be a series of changes of variables of the types 
considered above. It follows that the computation of Tf(p) for the variables u,v,w 
and ui,vi,wi are the same. 

□ 

Lemma 4.3. Suppose that f : X — > Y is prepared. Then tj is upper semi continuous 
on D X - 

Proof. This follows from a local calculation, computing a deformation in etale local 
coordinates of the possible prepared forms. 

Suppose that p* G X . We must find a Zariski open neighborhood U of p* in X 
such that p e U fl D x implies Tf(p) < Tf(p*). 

We work out a few cases. Suppose that p* € X is a 3-point, T/(p*) > and 
there exist (algebraic) permissible parameters u, v, w at q* = f(p*) such that u, v are 
toroidal forms at p*. Then there exist regular parameters x,y,z G Ox, P *, and units 
71 , 72 G 0x,p* such that 

u = x a y b z c ^\ 
v = x d y e z^2 

with 

rank [ a , °, ) = 2. 
\ d e f J 

There exist rational numbers a^- such that if we set 

x = Snf^f^y = ~xiTif\z = 5 7 f 31 7f 32 , 

then 

u = x a y b z c , v = x d y e z f . 
From the Jacobian determinant 

Detf % u > v > w l ) 
V o{x,y,z) J 

we see that we have an expansion 

u = x a y b z c 

v = x d y e z f (50) 
w = Y,i>o ctiX ai y hl z c% + x 9 y h z l 7 

where 7 is a unit series, 

(a b c \ 
d e f ^0, 
g h i J 
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and for all i, on 7^ 0, 

(a b c 
d e / I =0, 
a% h Ci 

and (ai,bi,Ci) ~£ {g,h,i). 

We can compute T/(p*) by changing variables, multiplying x,y,z by appropriate 
rational powers of 7. We obtain that 

u = x a y b z c 
v = x d y e zf 

w = J2i>o UiX a *y h z c * + x 9 y h z\ 

Thus 

r f (p*) = I ((a, b, c)Z + (d, e, /)Z + ^(Oi, fc, Ci )Z)/((a, 6, c)Z + (d, e, /)Z) 
if q* is a 2-point, 

7"/(P*) = * c ) z + {d, e, f)Z + Yl(ai, bi,Ci)Z)/((a, 6, c)Z + (d, e, /)Z + (a , 60, c )Z) 

if q* is a 3-point. 

We compute the Jacobian 

Detf d ^: V : W } ) =Det ( d e / i^-i^e+n^/ti-i 

V ^'f'^ / \g h i J (51) 

Let e be a common denominator of the . There exists an affine neighborhood 
U = spec(^4) of p* such that x,y,z are uniformizing parameters on U, and 71,72 are 
units on U. Let 

B = A[ 7l % 7 |], 

V = spec(-B). After possibly shrinking U to a smaller neighorhood of p* , we may 
assume that V is an etale cover of U and x,y, z are uniformizing parameters on V. 
Let A : V —> U be the natural morphism. 

Suppose that p G Dx n U is a 2-point. We will show that r/(A(p)) < r/(p*). 
After possibly interchanging ir, y, z, we may assume that Oy. p has regular parameters 
x,y,z = z — a for some 7^ a G k. After interchanging u, v if necessary, we have 
three possible cases: 

1. ae — bd^ 0, 

2. ae-bd^0, (d,e) 7^ (0,0), 

3. (d,e) = 0. 

We will analyze these three cases in turn. 

Suppose that ae — bd^ 0, Define (formal) regular parameters x,y, z at p by choosing 
Ai, A 2 G Q so that 

.t = xz Xl , y = yz x ' 2 ,z = z + a 

satisfy 

u = x a y b ,v = x d y e . 

We thus have an expression 

u = x a y b , v = x d t,w = P(x,y) + x m y n n (52) 

for some series P(x,y) and G Ox, P , where ^(0,0,0) 7^ 0. 
We compute the Jacobian determinant 
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d(u,v,w) \ _ lnn +d+m _! 6+e+ „_! 



Det " ~ ; = (oe - bd)—x a+a+m - L y 
\ d(x,y, z) J dz 

so that §=(0, 0, 0) ^ 0. Comparing with (51), we see that m = g and n = h. 
We compute that 

d Ai d d X2 d d x d j/ 9 9 
aa; ax ay ay oz z ox z ay oz 

Thus 

am+n om+n 
_^ ^ _ mAi+nA 2 _ 

dx m dy n " dx m dy n ' 

From (50) we sec that g^g^i & ( x ,y) if (m, n) ^ (ai,bi) for any i, and (m, n) ^ 
(g, h). We have an expansion 

i 8 m+n w 

Thus there is an expansion 
with 

We conclude that we may make a formal change of variables in (52), setting = 
0(0, 0, 0) and z* = - /3, to get 

u = x a y b 

v = x d y e (53) 
w = fcx ai y bl + x 9 y h (z* + (3). 

We now compare r/(p) to r/(p*). Let g = /(f>). 

Suppose that q* is a 3-point. If q is a 2-point, then either (ao,&o) = (0,0), or 
5 = /i = in (53). (a ,b ) = (0, 0) implies ae — bd = which is not possible. Thus 
g = h = 0, and we see that Tf(p) = — oo < Tf(p*). Suppose that g is a 3-point. Then 
we compute r/(p) from (53) and (21), to get 

T f (p) = £ (((a, b)Z + (d, e)Z + E /J ^o,(a i ,6 4 )Z( fl ,fc)( a <' ^) Z )/(( a ' & ) Z + ( d > e ) Z + («o> W) 

<T/(p*). 

Suppose that is a 2-point. Then g is a 2-point, and we have from (53) and (21) 
that 

r f (p) = I (((a, b)Z + (d, e)Z + E/j^o,(o ( ,6 < )Z( fl ,fc) ( a *< fe *) Z )/(K & ) Z + e ) Z ) 

< 7-/(p*). 

Suppose that ae — bd ^ and (d, e) ^ (0, 0). 

There exist a,b,t,k such that (a,b) = k(a,b), (d,e) — t(a,b) with gcd(a,6) = 1, 
k,t ^ 0. 

Define (formal) regular parameters x,y,z at p by choosing Ai, A 2 , A3 G Q so that 

x = xz Xl , y = yz X2 , z Aa = ~z + a 

satisfy 

u= (x s y B ) k ,v = (x s ^) t (z + a). 
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We thus have an expression 

u = (x s y B ) k ,v = (x^Y(z + a),w = P{x*y l , z) + x m y n il (54) 

where is a unit series and an — bm ^ 0. 
We compute the Jacobian determinant 



d(u, v, w) 
d(x, y,z) 

where 

,, T _ , T _dn ,_dn 

7 = k(bm — an)U + kbx-— — kay-— 
ox ay 

is a unit series. Comparing with (51), we see that m = g and n = h. 
We compute that 

d , d d , d d Ai > d A 2 x d 1 , , 9 

_ — z A i — ) __ — Z A 2 — ; __ — —L xz -*3 1 -yz~ 3 1 z 3 — . 

dx dx 1 dy dy'' dz A3 dx A3 dy A 3 <9z' 



Thus 



£lm+n nm+n 



ftfaf" " dx m dy n ' 

From (50) we see that Q x ^ g w n G (£,y) if (m,n) ^ (a,i,bi) for any i, and (m,n) ^ 
(g,h). There is thus an expansion 

with 

1 d k ( O^fhA 
™ ~ k\(ja)\(jb)\ &z k {dsFdy* ) 

Thus (3j t k = if {ja, jb) ^ (ai,bi) for some i, and (ja,jb) ^ (g,h). 

We conclude that we may make a formal change of variables in (54), setting 

x = .t*7i and y = 37*72 , 

with appropriate unit series 71 and 72, to get 

u = ((x*f(y*f) k 

v ={x*f{y*f)\j + a) (55) 
w = P({x*f(y*) b ,z) + {x*)3{y*) h . 

We now compare r/(p) to 17(75*). Let q = f(p). 

Suppose that q* is a 3-point. Suppose that q is a 3-point. We compute r/(p) from 
(55) and (22), to get 

Tf{p) = el (kZ + tZ + 3Z)/(kZ + tz + j Z) , 

V 0j,kltO,{ja,jb)^{g,h) ) 

where j (a,b) — (do, bo)- We have a surjection 

((a, b, c)Z + (d, e, /)Z + X)(oi, 6;, c 2 )Z)/((a, 6, c)Z + (d, e, /)Z + (a , 6 , c )Z) 

- (fcz + tz + E J - (s ,5)=(a ( ,6 4 ) J' z )/( fcZ + iZ + ioZ) 

defined by .7(0,6, 0) + Z(0, 0, 1) j. Thus 17(75) < r/(p*). 
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If q is a 2-point, then we must have that (do, fro) = (0,0) or g = h = 0. But we 
cannot have g — h = since 

/ a b c \ 
Det Id e f ^ 0. 
\ g h i J 

If (do, fro) = (0,0), then we have (ao,&o, c o) = (0,0, Co), from which we conclude 
that Tf(p) < Tf(p*). 

Suppose that q* is a 2-point. Then q is a 2-point. 
We compute Tf(p) from (55) and (22), to get 

Tf(p)=t ( {kZ + tZ+ jZ)/(kZ + tZ) 

As in the case when q* is a 3-point, we conclude that r/(p) < Tf(p*). 

Suppose that d = e = 0. We have (a, b) = k(a,b) with a, b > and gcd(a, 6) = 1. 

Define regular parameters x,y,z in Ox, P by choosing Ai, A 2 £ Q and a = a* , so 
that 

x = xz Xl , y = yz X2 , =z + a 

satisfy 

u = (cS s ^) k ,v = z + a. 

We thus have an expression 

u = (xV) fe , « = w- a=^,w = P(aV, z) + x m y n fl (56) 

where u, v are toroidal forms at q = ,f{p), P is a series, fHs a unit series and an — bm ^ 
0. 

We compute the Jacobian 

Detf 2^'!'!"M=^-V + "- 1 7. 

where 

7 = (mo — an)S2 + bx-— — ay—— 
ox ay 

is a unit series. Comparing with (51), we see that m — g and n = h. 
We compute that 

= z >* A A = z a 2 _0 A = A + h]LlL + ± z i-fJL. 

dx dx' dy dy' dz f zf dx f zi dy f dz' 

Thus 

am+n am+n, 
£_ ^_ _ z mAi+nA 2 _^ ^ 



dx^dtf 1 dx m dy n 

From (50) we see that Q x m d yn € (x,y) if (m,n) ^ (ai,bi) and (m,n) ^ (g,h). 
There is an expansion 

with 

1 <9 fe / d j &+Vw\ 
^ k ~ k\(ja)\(jb)\dz^ [d&'dyt*) 
Thus P jik = if (ja, jb) ^ (a^o,) and (ja, jb) ~£ (g,h). 
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We conclude that we may make a formal change of variables in (56), setting 

x = .t*7! andy = y*7 2 , 
with appropriate unit series 71 and 72, to get 

u = {{x*f{y*f) k 

v = v — a = z (57) 
w = P{{x*f(y*f,t) + {x*) 3 (y*) h . 
We now compare Tf(p) to r/(p*). Let q = f(p). 

Suppose that q* is a 3-point. Then q is a 1-point or a 2-point. If q is a 2-point, 
then u 7 w,v are permissible parameters at q such that there is an expression 

u = {{x*f{y*f) k _ 

w = P((x*) a (y*)\z) + (x*)s(y*) h 

v =z 

of the form of 2 (c) of Definition 3.6, and (23). 
We have 

Tf(p) = eUkz+ Yl iz)/(fcz+j z) 

V 0i^O,{ja,jb)^{g,h) 

where j (a,b) = (a io ,b la ). 
We thus have a surjection 



((a, b, c)Z + (d, e, /)Z + X)(oi, b i: c 2 )Z)/((a, 6, c)Z + (d, e, /)Z + (a , 6 , c )Z) 

-(fcz + E j( ^ )=(Oi , 6i) iZ)/(fcz + i z) 

defined by .7(0,6, 0) + Z(0, 0, 1) j. Thus r/(p) < r/(p*). 

If q* is a 3-point and q is a 1-point, then we have permissible parameters u,v, w at 
q, defined by 

u = {{x*f(y*f) k 
v =~z 

W = w -0 = P((x*f(y*f,z) - f3+ (x*)3(y*) h 

of the form (7) and (24), where ^ (3 = P(0, 0) so that {a jo ,b jo ) = (0, 0). 
We have 

T f (p)=i(kz+ J2 m/kzY 

V i9j,*#o,(jo,j6)2( 9 ,h) / 

We have a surjection 



((a, b, c)Z + (d, e, /)Z + £(aj, 6;, c,)Z)/((a, 6, c)Z + (d, e, /)Z + (a , 6 , c )Z) 
-(fcZ + E^ )=(oi , fei) iZ)/(fcZ+ioZ) 

defined by j(a,b, 0) + Z(0, 0, 1) ^ j. Thus r/(p) < r/(p*). 
There is a similar analysis if <?* is a 2-point. 
We have completed the analysis for a 2-point p E V . 

Now suppose that p E Dx f~l V is a 1-point. Recall that we are assuming that p* is 
a 3-point. We will show that r/(A(p)) < r/(p*). After possibly interchanging z, 
we may suppose that Oy.p has regular parameters x, y — a, z — [3 for some ^ a 6 k, 
/ (3 £ k. After interchanging u, v and y, z if necessary, we have two possible cases: 
a, d ^ 0, e ^ and a / 0, rf = 0, e ^ 0. We will analyze these two cases in turn. 
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Suppose that a, d ^ and e^O. 

Define regular parameters x,y,z in Ox, P by choosing Ay G Q, a = a A21 /3 A22 , so 
that 

a; = xy Al1 z Al2 , y + a = y X21 z X22 ,z + f3 = z 

satisfy 

w, = i",i; = x d (y + a). 

We thus have an expression 

u = x a 

v =x d (y + a) (58) 
w = P(x,y) + x m n 

where f| (0,0,0) + 0. 

We compute the Jacobian 

d(u,v,w) \ _ a+d+m _ 1 9^ 



A ll A 22 



Det "prr/ = x a 

V d(x,y,z) ) &z 

Comparing with (51), we see that m = g. 
We have 

a; = x(y + a) A 2i (z + /3) A 

y = (y + «) A21 (z + P) A21 

z =z + P, 

from which we see that 

a _ a 11z a 12 a 
a^ \ a^ 

P — All X y — ^21 -;~ A22 " -| 1 ^1 — ^21^ — ^22 O 

ay a 2 i y 9k t a 2 i y ay 
a / Ai2A 2 i-AiiA 22 \ ,j. r — i_a a 22 „,^-i a _. a_ 

az — ^ A21 J XZ dx \ 2i y Z dy^dz- 

Thus 



1.1 " dx 



dx 



From (50) we see that 4-^ e (x) if m ^ a t for some i and m ^ g. There is an 



expansion 

P = J2^y k 

with 

1 d k ( d^w 



^ = WWV^J (0 '°' 0) - 

Thus P jtk = if j ^ a, and j ^ g. 

We may make a formal change of variables in (58), setting = 1^(0,0,0) and 
z* = O - (3, to get 

u = x a 

v = x d (y + a) (59) 
We now compare r/(p) to r/(p*). Let g = /(p). 

Suppose that g* is a 3-point. If g is a 2-point then we have that ao — 0, and 
r/(p)=W (aZ + dZ + J2jZ)/(aZ + dZ)j < T/(p*). 
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If q* is a 3-point and q is a 3-point, then 

T f (p) =1 I (aZ + dZ+ Yl jZ)/(aZ + dZ + a Z) J < T/(p*). 

Suppose that g* is a 2-point. Then g is a 2-point, and by a similar calculation, 
T f (p) < Tf(p*). 

Suppose that a ^ 0, d = 0, e ^ 0. 

Define (formal) regular parameters y,z at p by choosing Ay G Q and a = a e (3^ 
so that 

x = xy Xll z Xl2 ,y + a = y e z t ,z + f3 = z 

satisfy 

u = x a ,v = v — a = y. 

We thus have an expression 



u = x a 

v = v — a = y (60) 
w = P(x,y) + x m n 



where f= (0,0,0) ^ 0. 

We compute the Jacobian 



Detf J^JU ?+m -!» 
V d{x,y,z) J dz 

Comparing with (51), we see that m = g. 
We have 

x =x(y + a)—{z + f3) Xl2 ~ 
y = {y + a)i(z + /3)-i 
z = z + (3, 

from which we see that 

_d_ _ ^.Ai i ^Ai 9 d 

S = hlL X y-e z -f d , 1 1-e -/ d 



l -xy- c z~ J + ±y L ~ K z 

JL — ik 

Thus 



d_ _ (Ai 2 e-An/) 1 d /,,.-! 3 | d 

cTz — e xz dx e U z dy^dz' 



_ y mX 11= mX 12 9 m W 

dx" 1 y dx m ' 

From (50) we see that G (x) if m ^ a t for some i and m ^ g. There is an 
expansion 

with 

1 d k (&w\ , n n n . 

^ = W(^) (0 '°' 0) - 
Thus (3 jik = if j ^ di and j ^ g. 

We may make a formal change of variables in (60), setting (3 = S1(0, 0, 0) and 

z* = O - % to get 

u =x a 

v =y (61) 

w = Efr,kX i y k +x9{z* +13). 
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We now compare Tfip) to Tfip*). Let q — f{p). 

Suppose that q* is a 3-point. If q is a 1-point then we have that ao — 0, and 
u,v,w = w — w(q) are permissible parameters at q which have a form (6) and (29) at 
P- 



\ P 3 k^0,j<g J 

If q is a 2-point, then u, w, v are premissible parameters at q which have a form 2 (b) 
of Definition 3.6 and (28), and 



Suppose that q* is a 2-point. Then q is a 1-point, and by a similar calculation, 
Tf{p) < Tfip*). 

This completes the analysis that r/(p) < Tfip*) if p* is a 3-point and p G [7. 
The analysis when p* is a 2-point or a 1-point is simpler, and we leave it to the 
reader. 

We conclude that t/ is upper semi-continuous. 



Definition 4.4. Suppose that f : X — > Y is a prepared, proper morphism, and 
t G N is such that TfiX) < t. Let G x {f,r) = {p £ X Tf (X) = t], Gy(/,r) = 
/(Gx(/,t)). We will say that f is r-prepared i/Gy(/,r) contains no 2-curves and 
no 3-points. 

By Lemma 4.3, Gx(/,r) is a closed subset of X, and since / is proper, Gy(/,r) 
is a closed subset of Y. 



Throughout this section, we assume that / : X —> Y is a dominant, proper mor- 
phism of nonsingular 3- folds. 

Definition 5.1. Suppose that f : X — > Y is prepared, and q E Y is a 2-point. 
Permissible parameters u,v,w at q are super parameters for f at q if at all p G 
/ (<?), there exist permissible parameters x,y,z for u,v,w at p such that we have 
one of the forms: 

1. p is a 1-point 




r f ip) = I (oZ + J' Z )/(« Z + fl oZ) < Tfip*). 



□ 



5. Super Parameters 



u 



= X' 



.a 



V 



W 



x b ia + y) 

x c jix,y)+x d iz + f3) 



(62) 



where 7 is a unit series ( or zero ), ^ a G k and (3 G k, 
2. p is a 2-point of the form of (3) of Definition 3.1 



u = x a y b 

c d 

v = x c y a 

w — x e yf~fix, y) + x 9 y h iz + (3) 



(63) 



where ad — be ^ 0, 7 is a unit series (or zero), and [3 G k. 
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3. p is a 2-point of the form of (4) of Definition 3.1 

u = (x a y b ) k 

v =(x a y b Y(a + z) (64) 
w = \x a y b ) l 1 {x a y b , z) + x c y d 

where ^ a £ k, ad — be ^ and 7 is a unit series (or zero). 

4. p is a 3-point 

u = x a y b z c 

v = x d y e zf (65) 
w — x 9 y h z tr ) + x j y k z l 

where rank(u,v,x : 'y k z l ) — 3, rank(u,v,x 9 y h z 1 ) — 2 and 7 is a unit series in 
monomials M such that rank(u, v, M) = 2 (or 7 is zero). 

Suppose that q G Y is a 1-point. Permissible parameters u, v,w at q are super 
parameters for f at q if at all p e f~ 1 {q), there exist permissible parameters x, y, z 
for u, v,w at p such that we have one of the forms: 

5. p is a 1-point 

u = x a 

v =y (66) 

w = x c "f(x, y) + x d (z + (3) 

where 7 is a unit series ( or zero ) and (3 € k, 

6. p is a 2-point 

u = {x a y b ) k 

v =z (67) 
w = (x a y b Y"/(x a y b , z) + x c y d 

where ad — be and 7 is a unit series (or zero). 

Lemma 5.2. Suppose that f : X — > Y is prepared, and $ : X\ — > X is the blow 
up of a 2- curve or a 3-point. Let fi = f o $ : X\ — ► Y. Then f\ is prepared, and 

TfAv) < Tf{${p)) f° r all pd D Xl - 

If q EY and u, v, w are super parameters for f at q, then u, v, w are super param- 
eters for f\ at q. 

Proof. We prove this in the case when $ : X\ — > X is the blow up of a 2-curve C. 
The case when $ is the blow up of a 3-point is similar. 

Suppose that p G C '. Let q = f(p). Then there are permissible parameters u, v, w 
at q and x, y, z for u, v, w at p such that either u, v are toroidal forms at p, or a form 
2 (c) of Definition 3.6 holds at q. Further, x = y = are local equations of C at p. 

The most difficult case is when p is a 3-point, q — f(p) is a 3-point and r/(p) > 0. 
The other cases are similar. Assume that this case holds. 

We have an expansion of the form of (19) 

u = x a y b z c 

v = x d y e zf (68) 

w = E( 0i ,6 1 ,c i )z( fl ,fc,i) o^ Ql y b ^ Cl + x 3 y h z i 

with a, ^ for all i. There are (pi, ipi G Q such that 

(oi, bi, Ci) = 4>i{a, b, c) + ipi(d, e, f) 

for all i. 
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Suppose that pi £ $ 1 (p) . Then (after possibly interchanging x and y) Ox 1 , Pl has 
regular parameters xi,yi,z where 

x = xi,y = xi(yi +a) 

for some a Gk. We have 

u = x a l +h (yi + a) b z c 
v = x d+e ( yi + a) e z f 

w = E(a 4 ,6 ( , C( )Z( fl ,fc,i) <*ixV + \vi + *) bi z Ci + x 9 i +H (yi + a) h z\ 
We may assume that (pi) > 0. 

Case 1. Assume that ^ a and (a + b)f — c(d + e) ^ 0. There exist regular 
parameters x\ , y 1 , ~z\ in Ox\ ,pi an d (3 G k such that 

u = xl +b zl 
v = x d+e z{ 

*> = E(a i+ 6 i ,c 4 )2( fl+ fc,i) «i2? i+6i ^? +^f + M(Fl +P) 

of the form of (21). The homomorphism A : Z 3 — > Z 2 defined by (a;, y, z) (a; + z) 
induces a surjection 

((a, 6, c)Z + (d, e, /)Z + £,> K c i )Z)/((a, 6, c)Z + (d, e, /)Z + (a , b , c )Z) 

-» ((a + 6, c)Z + (d + e, /)Z + E»>oK + &i, Cj)Z)/((a + 6, c)Z + (d + e, /)Z + (a + 6 , c )Z). 

Thus 

Tf{p) > £{{{a + 6, c)Z + (d + e, /)Z + Ei>oK + fc, Ci)Z) 
/((a + 6, c)Z + (d + e, /)Z + (a + 6 , c )Z)) 
> £(((a + 6, c)Z + (d + e, /)Z + £ (0(+6iiC4)z{fl+M) ( a « + C ') Z ) 
/((a + 6, c)Z + (d + e, /)Z + (a + &o, c )Z)) 

Case 2. Assume ^ a, and (a + b)f — c(d = e) = 0. Then there exist a, 6 € N 
such that (a + b, c) = k(a,b), (d + e, /) = f(a, b) with k,t ^ 0, gcd(a, 6) = 1. 
There exist regular parameters x\ , y l , zi in Ox x , P i and ^ a e k such that 

u = x? +b zj = {xfz\) k 

v = x d+e z[ (y, +a) = (xplYiy, + a) 

of the form of (22). We have 

T fl (p 1 )=llkZ + tZ+ {(j>ik + ipit)Z)/(kZ + tZ + ((j) k + ipot)Z) . 

\ (oi+6i,c 4 )2(g+h,i) / 

As in the argument of Case 1, we see that 

r f (p) > £{{{a + 6, c)Z + (d + e, f)Z + E*> K + <z)Z) 

/({a + b,c)Z + (d + e,f)Z + (a + b Q ,co)Z)) 
= £{{k{a_, b)Z + t(a, b)Z + Ei>o(M(a, b ) &)Z) 

/(fc(a, 6)Z + t(a, b)Z + {<p k{a, b) + ip t{a, b))Z)) 
= £{(kZ + tZ + E 4 > (^ fc + ^i*)Z) 

/(fcZ + fZ + (0 o fc + ^ o t)Z)) 
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Case 3. = a. There exist regular parameters X\,y 1 ,z\ in Oxi,pi such that 
We have 

u = x a + b y\z c 
v = x d + e y\zf 

W = H{ai+bi,bi,Ci)^:{g+h,h,i) a i%l' +b ' Vl ' z ° % + x l + Vl^l 

of the form of (19). Thus 

Vi (Pi) = £ ((( a + b > b > C ) Z + (d + e, e, f)Z + Y.{a i+ b % M.c,m g +h.h,i)( a i + h ^ h ^ c i) Z ) 
/({a + b, b, c)Z + (d + e, e, f)Z + {a + b , &o, c )Z)) 

< Tf{p). 

The fact that super parameters for / at q 6 Y are super parameters for fi at 
q follows from substitution of local equations for $ into the forms of Definition 5.1 
defining super parameters, and making an appropriate change of variables. 

□ 

Lemma 5.3. Suppose that f : X — > Y is prepared, q G Y and u,v,w are super 
parameters at q. Then there exists a sequence of blow ups of 2-curves $ : X\ — > X 
such that fi = f o $ : X\ — ► Y is prepared, Tf 1 (p) < r/($(p)) for p E Dx x , u,v,w 
are super parameters at q for f\ and if p e /i~ (?) with T h(p) > 0> then w = is a 
divisor supported on Dx at p. 

Proof. The fact that for a sequence of blow ups of 2-curves $ : X\ — > Y, f\ = f o <f> : 
X\ — > Y is prepared and Tf 1 (p) < r/($(p)) for p e Z?Xi follows from Lemma 5.2. 

The condition that u,v,w are super parameters at q is preserved by blowup of 
2-curves above X. 

lip € fi 1 {q) is a 1-point, then 1 or 5 of Definition 5.1 hold, and if r/ x (p) > 0, then 
w = is a divisor supported on Dx at p. 

We may construct $ so that if p e fi (q), then {x e y i ,x g y h )Ox 1 , P is principal if 2 of 
Definition 5.1 holds, {{x a y b ) 1 , x c y d )6 x , P is principal if 3 holds, {x 9 y h z\ x^y k z l )6 Xl , P 
is principal if 4 holds, ((x a y y ,x c y )Ox ltP is principal if 6 holds. 

We see that in all these cases that w — is a divisor supported on at p if 
T h(p) > 0, so that the conclusions of the lemma hold. □ 

Lemma 5.4. Suppose that f : X — » Y is prepared and C C Y is a 2-curve. Then 
there exists a commutative diagram 

X x A Y 1 
X ^ Y 

where *i : Y\ — * Y is the blow up of C , $i : X\ — > X is a product of blow ups of 
2-curves, <3>i is an isomorphism above f^ x {Y — C) and f\ is prepared. If pi e X\ and 
p= <&i(pi), then 

t/i(Pi) < t /(p)- 
// / is T-prepared then f\ is t -prepared. 

Proof. Most of this is proven in Lemma 5.2 [C5]. It only remains to check that 
T /i(pi) < T f(p) w hen pi is a 1 or 2-point. 

By Lemma 5.3, we know that i/ $i(pi) < Tf(p). We verify that Tf 1 (p\) < 

Tfo-S-Api)- 

This can be seen from consideration of local equations of / o <j> 1; $! and using 
Lemma 4.2 and the methods of Lemma 4.2 and Lemma 4.3. □ 
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Y 



Lemma 5.5. Suppose that f : X —*Y is prepared and q €Y is a 2-point. Then there 
exists a commutative diagram 



(69) 



where $ and \f r are products of blow ups of 2-curves, such that f\ is prepared, Tf ± (p) < 
r/($(p)) for p G Dx 1 , and there exist no points of form 2 (b) or 2 (c) of Definition 
3.6 for fi above points of 1 i l ^ 1 (q). 

Proof. There exist sequences of blow ups of 2-curves Y\ — > Y such that the rational 
map X — > Y\ is defined at all points p G f~ 1 (q) such that / has at p an expression 
of form 2 (b) or 2 (c) of Definition 3.6, and p maps to 1-point. By Lemma 5.4, by 
blowing up 2-curves above X, we can construct f\ which has the desired property. □ 

Definition 5.6. Suppose that f : X —* Y is r -prepared, p G D\ and q — f(p). Let 
u, v, w be permissible parameters at q. We say that w is good at p for f if one of the 
following expressions holds: 
p a 1-point, q a 1-point 

u = x a , v = y, w = aij^V + x n (z + a) (70) 

afi 

p a 2-point, q a 1-point 

u = (x a y b ) k ,v = z,w = Y,aij(x a y b yz j + x c y d (71) 
kfi 

p a 1-point, q a 2-point 

u = x a ,v = x b (a + y),w = ^ ajjX i y j + x n (z + a) (72) 

where d = gcd(a, b). 

p a 2-point, q a 2-point 

u = x a y b ,v — x c y d ,w = V" a il x l y j + x e y f z (73) 

(i,j)^Z(o,6)+Z(c,d) 

p a 2-point, q a 2-point 

u = (x a y b ) k ,v = {x a y b y(a + z), w = ^ aij {x a y b ) l z^ + x c y d (74) 

where d — gcd(k, t). 

p a 3-point, q a 2-point 

u = x a y b z c , v = x d y e z f , w = a l]k x l y ] z k + x g y h z l (75) 

where the sum is over i,j, k such that 

(a b c \ 
d e f \ =0,(i,j,k) £Z(a,b,c) + Z(d,e,f). 
i j k J 

Definition 5.7. Suppose that f : X — > Y is r-prepared, p G Dx and q = f{p) is a 
1-point. Let u,v,w be permissible parameters at q. We say that w is weakly good at 
p for f if one of the following forms hold: 
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1. p is a 1 -point, 

m 

u = x a , v = y, w = ^ a <Tj {y) x<73 +x n (z + a) 

where a G k, <to < o\ < ■ ■ ■ < a m < n, Oi are all nonzero, and a jfao. 

2. p is a 2-point, 

m 

u = (x a y h )\v = z,w = Y J (z)(x a yT + x c y d 
j=o 

where gcd(a, b) = 1, ad — be ^ 0, a m (a, b) ^ (c, d), a < o\ < ■ ■ ■ < o m < n, 
Oi are all nonzero, and k /ao- 

Remark 5.8. Suppose that f;X — > Y is r-prepared and r/(p) = 7 u,v,w are per- 
missible parameters at q = f(p), and w is good (weakly good) at p for f. Then u, v, w 
are monomial forms (Definition 3.4-) at p. 

Remark 5.9. Suppose that f;X^Yis r-prepared. Observe that if q is a 1-point, 
and u,v,w are permissible parameters at q satisfying the conclusions of Lemma 3.7, 
then for all p G f^ 1 {q), there exists a series (f> p (u,v) such that w — (f) p (u,v) is good 
(weakly good) at p for f . 

Lemma 5.10. Suppose that f : X — > Y is prepared, q G Y and u,v,w G Oy. q are 
permissible parameters at q. Suppose that p G f^ 1 (q) and there exists (f>(u,v) G Oy,q 
such that w — <j)(u, v) is good (weakly good) at p for f . 

Suppose that p is an n-point. Then there exists an affine neighborhood V = Spec(S) 
of p such that w — (p(u,v) is good (weakly good) at p' for f for all n-points p' G 

f-\q)nv. 

Proof. We will prove this in the case that p and q arc 1-points, and a form (70) of 
Definition 5.6 holds for u, v, w — (f> in Ox,p- The proof in the other cases is similar. 

There exists an affine neighborhood V = spec(S') of p, regular parameters x, y, z 6 
Ox, P and a finite etale morphism n : V\ = spec(Si) — > S such that x,y,z are uni- 
formizing parameters on Vi, and regular parameters in Ov 1 , P ' for p' G ■n^ 1 {p) such 
that 

u = x a 
v =y 

w = Y.t<n "-ijX i y j + x n ("f(x, V, z)z + fl(x, y)) 

in Ov llP ' — Ox, P where 7 is a unit series, Cl(x,y) is a series. 

Let U = Spec(i?) be an affine neighborhood of q such that /(V") C U. 
In Ox, P , 

w — <p(u,v) = aijX l y3 + x n (jz + 0) 

a)(i,i<n 

where Q,{x,y) is a series. We see that 

x n divides d ±l_A in Ox P , 

oz 

so that 

x n divides d<yW Q z — in O x . p ® Rq R q 

and thus 

x n divides d<yW Q z — in Sl y ®R q R q 
at all points p' G n~ 1 (p). 
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We also have that 



which implies 



at all p' £ 7r 1 (p). 
Finally, we see that 



d n+1 (w -<£).. , „ 

eta* 

d n+1 (w -4>) , 



dzdx r ' 



(p) + o 



,. . , d l (w - 4>) 
x divides — 

ox 1 

in Ox, P <3>R q R q if a divides i and i < n, and thus 

x divides — ^ . ^ 

ax % 

in Os llP ' <8>i? 9 R q at all points p' of ■n^ 1 {p). 

Thus there exists a Zariski closed subset C of V\ which is disjoint from 7T~ 1 (p) such 
that if p£ (/o7r)- 1 (g)n(Fi - C), then 

or" divides ^ ~ ^ in Sl i? 9 (76) 

d n+1 (w - 6) 

dzdx n ^ a unit in 3 ®R q R i ( 77 ) 

and 

d i (w-d>) 

x divides v y; in Sl ,p ® Rq R q (78) 

if i < n and a divides i. 

Let C = tt(C). tt : Spec(Si) - tt^_(C) -> -C is finite etale. Let V = spec(#) be 
an affine neighborhood of p in V — C, and let 7r _1 (V) = Spec(S'i). After replacing V 
with F, S with S, Vi with 7r _1 (F) and Si with Si, we have that (76), (77) and (78) 
hold at all p £ (/ o 7r) _1 (g). 

Now consider the expression of u, v, to — <j>(u, v) at p £ (/ o 7r) — 1 )(q). There exists 
o£k such that x, y, z — a are regular parameters at p. We have 

u = x a 

v = y 

(76) implies 

d i+ i+ k (w-<j>) 



dx l dyidz k 

if i <n and k > 1, (78) implies 

<9 1+J (W7 - </>) 



dx l dyi 

if a divides i and i < n, and (77) implies 

<9™ +1 (w; - </> 



Thus 

1 d i+3 {w 



-(0,0, a) = 



(0,0, a) = 



■(0,0, a) ,6 0. 



= E 7T-T ^ ( °' °' a)xV + ~ a) + " ,( "' 



i<n,a)fi 
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where (3 G k and 7' is a unit series, so that w — <fi is good at p. □ 

Lemma 5.11. Suppose that f : X — ► Y is prepared, and C C Y is an irreducible 
curve in the fundamental locus of f such that C contains a 1-point. 

Suppose that U C Y is an affine open subset, with uniformizing parameters u, v, w 
such that u, v, w are regular parameters in Oy,q for a 1-point q G C (lU such that 
u = w = are local equations of C. Then for a general point q of C fl U, and 
appropriate a£k, u,v = v — a,w are permissible parameters atq and for p £ f (q), 
either p is a 1-point and we have a form at p 

u = x a 

v =y (79) 
w =J2t<nMy) xl + x n (z + 6) 
with S G k and 4>i(0) ^ whenever (f>i ^ 0, or p is a 2-point with a form at p 

u = (x a y b ) t 

v =z (80) 
with ad — bc^= and 4>i(0) ^ whenever fa ^ 0. 

Proof. u,v,w are permissible parameters at the 1-point q G C. Suppose p G f~ 1 (q)- 
Then there exists a Zariski open neighborhood V = V p = Spec(S) of p in X, and an 
etale neighborhood W = W p = Spec(<Si) of V' p with uniformizing parameters x,y,z 
in Si, with induced morphism 

7r : Spec(Si) — > Spec(k[x, y, z]), 

such that x,y,z are regular parameters in Owp,p! for p\ G ir^ 1 (p), and by Lemma 
3.7 and its proof, we have one of the following cases: 



Case 1. Suppose that p is a 1-point. Then we have in Ox, P = S p : 

u = x a ,v = y,w = Y^ Mv) xi + x n {l z + V'O, y)) (81) 

i<n 

where 7 is a unit series. In (81), for i < n we have 

1 d l w 
i\ dx l 



= fa{y)+xQ€S p (82) 



for some fi G S p and 



d n+1 w 

-(0,0,0)^0. 



dx n dz 

We can choose V p so that for pi G W p fl D x , with regular parameters 

x,y = y-a,z = z-[3 

in Owv. Pl , for i < n we have 

Qi+l w 



dzdx 1 

and 

d n+1 w 



dzdx n 



{0,a,P) = (83) 
(0, a, 0)^0. (84) 



We can choose V p so that for i < n, all irreducible components of x = = in 
W p contain (a preimage of) p. 
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Case 2. Suppose that p is a 2-point. Then we have in Ox,p — S p : 

u = (x a y b f,v = z,w = J2 Mz)(x a y b y + x c y d l (85) 

with gcd(a, b) = 1, ad — be ^ and c > ai or d > bi for all i in the series. Further, 7 
is a unit series. 

We have Qi, Q2 G = ^x.p such that 

1 d^ +k w I ^ 2 ^ ^ — ^ a ^ ^ an< ^ j < c 0T k < d 

fii(z) + xfli + yQ 2 if there exists z such that (j, fc) = i(a, b) 

and j < c or k < d (86) 



j!fc! dx^dy k 



There exists f2i G Ox, P such that 

1 d J w _ ( xQ.\ if j < c and there do not exist k, i such that (j, k) — i(a, b) 



j\ dxJ \ y 4>i{z) + xQ\ if j < c and there exist k, i such that {j, k) — i(a, b). 
There exists fl\ G C'x.p such that 

1 d k w _ ( yQ 1 if k < d and there do not exist j, i such that (j, fc) = i(a, 6) 



2/ a iaf)„,ib ^ 



fc! <9y fc \ x w (/) i (z) + t/Oi if fc < c? and there exist j, i such that (j, fc) = i(a, b). 
Furthermore, 

Qc+d 

^v (0 < ' ^ - 

We can choose V p so that 

(1) for ai < c or bi < d, all irreducible components of 

Qi(a+b) w 

dx la dy 1 ' 

in W p contain (a preimage of) p, 

(2) for j < c, all irreducible components of 

X = TT- = 

dxi 

in W p contain (a preimage of) p, and 

(3) for k < d, all irreducible components of 

d k w 

y= w =0 

in W p contain (a preimage of) p. 

There exist V\ = V Pl , ... ,V n = V Pn such that {V\, . . . ,V n } is an affine cover of 
f^ 1 (q)- We may assume that V\, . . . ,V n is an affine cover of / _1 (t/). 

Suppose that g 6 C (~l U is a general point. Then Oy, q has regular parameters 
(u, v = v — a, w) for a general a G k. u,v,w are permissible parameters at Suppose 
that p G /" _1 (<?)- p G y p = Vi for some z. We identify p and p with points in 7r _1 (p), 

Suppose that p is a 1-point. There exists (3 G k such that x,y — y — a, z ~ (3 are 
regular parameters in £>x,p- We have an expression 



u = x 

v =y = y- a (88) 

i\j\k\ dx*dyidz k 

in 6 x ,p- 



» =E^S^(0,a,/3)xH y -^(.-/3) fc 
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By (83) and (84), in (88), we have 

i<n 

where 7 is a unit series, and 

3=0 j y 



If 4>i{y) = 0we have <j>i(y) = 

, „7;n oin^„7 rtof ~ (n\ -J- n Tf A./n\ -J- n 

dx 



Suppose that <j>i(y) ^ 0. We will show that <^(0) ^ 0. If ^(0) ^ 0, then p% does 



not vanish on W p fl Dx , so that 

d l w 

Suppose that 4>i(0) = 0. Further suppose that 

d l w 

Then there exists an irreducible curve A which is a component of x = = in W p 
containing p. 

By our construction of W p , we may assume that our choice of prcimagc of p in W p 
satisfies p G A. Let I a be the prime ideal of A in Si. ^x, x G I\(Si) p implies 4>i{y) G 
Ih(Si) p . Since I\(Si) p is reduced, we have y G I A (Si) p . As (5i) p —> Si = O x , P is 
faithfully flat, we have y G -Za(<Si)p- 

Since I a is a prime ideal and (Ia)p {Si)p, we have that y G I a- 

The ideal of J5 in (Si)p is (x, y — a, z — (3). 

I\(Si)p C (x,y - a,z - P) 

implies y G (x, y — a, z — (3) which is impossible since ^ a. Thus we have </>j(0) ^ 0. 

Suppose that p is a 2-point and p is a 2-point. Then there is a G k such that 
x,y,z — a are regular parameters in 0x,p, and we have an expression 

u = (x a y b Y 



in O x ,p- 
We have 



v = z — z — a 

" =Eir^T^fer(0,0,«)xV(^-«) fe 



d c+d w 

^(0,0, a) ^0. 



(89) 



dx c dy 

Further if j < c or k < d, jb — ka ^ and I > 0, we have 

r(0,0,a) = 0. 



gj+k+i w 



dx J dy k dz l 
Thus in (89) we have 

w = Yj>i^){x a y b ) i + x c y d ^,and 

where 7 is a unit series, the sum is over i such that ai < c or hi < d, and 
_ _~ 1 gia+jb+k w ^ 
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By a similar analysis as for Case 1, we see that if <fri(z) = then <j>i(z) — and if 
<f)i(z) ^ 0, we have ^(0) ^ 0. 

Suppose that p is a 2-point and p is a 1-point. Then after possibly interchanging 
x and y, there exist a, (3 £ k and regular parameters x,y — (3, z — a in Ox,p with 

Set 

x = xy~ ,y = y — f3,z = z — a 

Then x, y, z are regular parameters in Ox,p- From the Jacobian of u, v, w we see that 
we have an expression 

u = x at 
v = ~z 

w = P(x,z) + x c Vt 

where P and are series, and P has degree < c in x. 
We have 

x = x(y + 0)~a 

y =V + P 
z = z + a 



Further, 



dx & Q x 

JL =-k ™-il±i 

dy a & dx ' dy 

6_ _ d_ 
dz dz ' 



We have an expansion 



j<c j<c \k=0 I 

where 

By (87) we have that <pj(z) = if there do not exist k, i such that (j, k) — i(a, b). 

Suppose that j < c and there exists k,i such that (j,k) = i(a,b) and (j)j(z) ^ 0. 
Suppose that ^ (0) = 0. Then 

implies there exists an irreducible curve A which is a component of 

x = —— = 

dxJ 

in W p which contains p and p. Let I\ be the prime ideal of A in Si. %^f,x £ Ia(Si) p 
implies 

Since y ^ Ia(Si) p , as A is not a 2-curve, we have z G Ia(Si) p - Thus z G /a(Si) p . 
As (Ia)p ^ (Si) p , we have that z e /a, which is a contradiction, since a ^ 0. Thus 
0i(O)^O. 

□ 
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Lemma 5.12. Suppose that f : X — > Y is prepared. Then there exists an open 
subset VofY such that V D C ^ for every integral curve C C Dy contained in the 
fundamental locus of f which contains a 1-point, and ifU — f = f \ U, then 

there exists a commutative diagram 

$1 j i *1 

U ^ V 

such that $i and are products of blow ups of curves which dominate a curve C 
contained in the fundamental locus of f which are possible centers (for the preimage 
of Dy = Dy (~l V ) and f 1 is toroidal. 

Proof. By Lemma 5.11, there exists an open set V C Y such that ynC = 0ifCisa 
2-curve or an isolated point contained in the fundamental locus of /, V fl C ^ for 
all curves C contained in the fundamental locus of / which contain a 1-point, and if 
q G C n V is a 1-point, then there exist permissible parameters u, v,watq such that 
u = w = are local equations of C, and if p\ 6 f^ 1 {q), then we have permissible 
parameters x, y, z in Ox, Pl such that p\ is a 1-point: 

u = x a 

v =y (90) 

v =££=o + 

where i m < n, a £ k and all (j>i j (y) are nonzero or pi is a 2-point: 

u = (x a y b Y 

v =z (91) 

w =Y,?=o<t>iA z )( xa y b ) ij + xC v d 

where ad — bc^ 0, all <f>j ij (y) are nonzero, and ija < c or ijb < d for all j. We further 
have that 4 , ij (0) ^ for all j. 

Let C be the fundamental locus of / : U — > V. There exists : J7{ — > ?7 which 
is a product of blow ups of 2-curves (which dominate an irreducible component of C) 
such that all local forms (91) at points p £ (/ o ^' 1 )~ 1 (q) for q G C n V are such that 
cither m = — 1 (so that ^2 4> ij {z){x a y h )' lj = 0), or {x a y b ) la divides x c y d . 

Suppose that q G C. The set of points p G (/ o ^'j) -1 ^) such that IcOu^ is not 
invertiblc is a union of points p such that p has permissible parameters x, y, z of the 
form 

u = x a ,v = y,w = x n z (92) 

with n < a or 

u=(x a y b ) t ,v = z,w = x c y d (93) 

with (of - c)(bt - d) < 0. 

Let *i : Vi — ► V be the blow up of C (which has local equations u = w = at 

qeC). 

We can blow up curves above U[ which dominate a component of C to obtain 
$i : U\ — > C/( such that there exists a factorization / 1 : £7i — ► Vi, and if g G C, 
Pi G (/ o $1 o (i)!) -1 ^), then an expression (90) or (91) holds. 

Suppose that q G C, with permissible parameters w, v, w as above. Let q\ G ^! (g). 
gi has permissible parameters m,t;i,ioi with q\ a 1-point 

m = ui,v = vi,w = ui(wi + a) (94) 
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or q\ a 2-point 

u = U\V\, v = wi, w = u\. (95) 
Suppose that p\ 6 f l (qi). 

Case 1 Suppose that ^ a in (94). Then a = io and <f>i (0) = a (or to = — 1, a = n 
and a = a) if p\ satisfies (90), t = io and <j)i o (0) = a if p\ satisfies (91). 
We thus have that at pi , 

m 

u 1 =x\v = y,w 1 = (^ (y)-a)+Y / ^Ay) xh ^° +x n ~ io + (96) 
of the form (90) or 

m 

«i = (xV) 4 , v = z,wi = {<t> i0 {z) - a) + hi (z){x a y b y^ + x^y^K 

3=1 (97) 

of the form of (91). 

If f 1 is not toroidal at p\, we have that u\ = w\ — {4>i a {v) — a) = are (formal) 
local equations of a branch of the fundamental locus of f 1 through q\. After possibly 
replacing V with an open subset of V, for q G C, q is a general point of a component 
of C, so the fundamental locus of f 1 through qi must be the germ of a nonsingular 
algebraic curve. 

Case 2 Suppose that = a in (94). Then io > a or m = — 1 and n > a (or m = — 1, 
n = a and a = 0) in (90), or i > t or m = —1, (c, d) > t(a, 6) in (91). We have that 
u\,v,wi are permissible parameters at q\ for f 1 of the form (90) or (91). 

Case 3 (95) holds. Then a > i (or m = —1, ^ a and n < a) in (90) or i > i a (or 
to = -1 and (c,d) < (at,bt)) in (91). 

Suppose that (90) holds and to > 0. We change variables at p\ to get an expression 

u = h + s " _40+a ( 5 + • • • )> v = v, w = z io 

i=0 

with to < n — io + a- As in the proof of Lemma 5.11, (j)^. (0) ^ for all ij since q is a 
general point of a component of C. 
qi is a 2-point, and we have: 

rh 

ui =^^.(y)^'" io +i"~ 24o+a (5 + ---)^i =2/- (98) 

Note that wi = wi = are local equations of the fundamental locus of f 1 at qi if 
f 1 is not toroidal at p\. 

Suppose that (91) and (95) hold and to > 0. We change variables at p\ to have an 
expression 

m 

u = Hh ( z )^ a V h f 3 + x c - ioa+ta y d - iob+tb , v = z,w= {x a y b ) io 

1=0 

with ijd < c — ioa + ta or ijb < d — iob + tb for all ij . 



40 



STEVEN DALE CUTKOSKY 



As in the proof of Lemma 5.11, </>j. (0) ^ for all ij, since q is a general point of a 
component of C. qi is a 2-point and we have 

m 

i=o ' (99) 

Mi = vi = are local equations of the fundamental locus of at qi if is not 
toroidal at pi. 

The fundamental locus C\ of /i : XJ\ — > Vi is a (disjoint) union of nonsingular 
curves which dominate components of C. If 71 is a component of C\ then 71 consists 
of 1-points or 71 consists of 2-points. We will construct a commutative diagram 

V 2 _ 

I *2 (100) 
Vi 

where \I>2 : V2 — > Vi is the blow up of C\ . 

Suppose that 71 is a component of C\ and gi G 71 . 

First suppose that 71 consists of 1-points. Then (90) or (91) holds at all points 

V G /1 (<Zi)- The construction of (100) above points of 71 is as in the construction of 
/j above. 

Suppose that 71 consists of 2-points. Then there exist permissible parameters 
ui,vi,wi at qi such that (98) or (99) holds at all p E f 1 (qi), and u\ = v\ = are 
local equations of 71 at gi. 

If p E f 1 (qi) is such that Ic 1 Ou 2 , P is not invertible, then we have permissible 
parameters x, y, z at p such that 

mi = (x a y b Y,vi = x c y d , mi = z. 

In particular, / 1 is toroidal at p. 

We now blow up curves 2-curves (above Ui) which dominate 71 and are supported 
in the locus where U\ — > Vi is torodial to obtain the construction of $2 : U2 — > £7i 
above 71. / 2 is toroidal above the torodial locus of /. Let q 2 E ^2 (<Zi)- 92 has 
permissible parameters u 2} V2 7 W2 defined by one of the following 3 cases. 

q 2 is a 1-point 

ui = u 2l vi = u 2 {w 2 + a),wi = v 2 (101) 
with a ^ or q2 is a 2-point 

Mi = M 2 ,Ul = u 2 v 2 ,w 1 = w 2 (102) 

or g 2 is a 2-point 

Ml — U 2 V 2 ,Vl = V 2 ,Wi — w 2 . (103) 

As in the case when q 2 is a 1-point, we see that if (101) holds, then all points above 
q2 have the form (90) or (91), and that if (102) or (103) holds, then all points P2 
above q2 have the form (98) or (99). 

We iterate to construct a commutative diagram 



_U 2 

$2 I 

Ui 



fl 
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1 




i 




fn 


v n 










7n-l 


V n - 


1 




l 


I 




I 




Ti 




i 




I 


u 


1^ 


V 



(104) 



where each V r — ► V r -i is the blow up of the fundamental locus C r -i of / r _ 1 , which 
is a disjoint union of nonsingular curves which dominate components of C. 

All points of E/„ have a form (90), (91), (98) or (99). We continue the construction 
as long as f n is not toroidal. 

Suppose that (104) does not converge in a toroidal morphism in a finite number of 
steps. Then there exists a 0-dimensional valuation v of k(A") with center on U such 
that /„ is not toroidal at the center p n of v on U n for all n. Let q n be the center of 
v on V n . 

Suppose that (90) holds forp = p . There exists r(l) such that q r m has permissible 
parameters u r (i),u r (i),ty r (i) defined by 

u = u e r{1) ,w = «r (1) («V(i) + ^o(O)) 

where gcd(e, /) = 1 and j = 

The germ of / at p factors through * r (i), so we have 

m 

u r{1) =x^,w rW = (^ o (y)-^ o (0)) + ^^.(y)^- lo + a; "- lo (a + ^- 

j=i 

Set w r(1 ) = w r( i) - [</>io(v) - <j>i o (0)]. 

w r (i), f, w r (i) are (formal) regular parameters at <? r (i), and M r (i) = w r (i) = are 
equations of the fundamental locus at QV(i)- We see that at p = p r (i), 

m(l) 

« P( i) = x a « , « = y , w rW = ^kih + xU(1) (« + z ) 

where a(l) = gcd(a, i ), m(l) = m — 1, n(l) = n — i , = ij+i — io for < j < 
m(l), = 

We iterate to get for fc < m + 1, r(k) such that q r ^ has permissible parameters 
u r (k),v,W r(k) defined by 

Wr(fe-l) = u r(fe)' W r(k-1) = u l\k)( W r(k) + 4>{k - 1 ) l)o (° ) ) 

where gcd(e fe ,/ fe ) = 1. 

The rational map U — > K(fc) is a morphism at p — p r (k)- Set 

«V(k) = W r(k) - [4>(k - l)i(fc_l) (v) - 4>{k - l) i( fc_i) (0)]. 
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We have an expression 

m(k) 

u r[k) = x a( - k \v = y,w r{k) = ^) l{ k) J {y)x t{k)l +x n ^{a + z). 

3=0 

We have (for k < m+1) a(k) — gcd(a, i , i\, . . . , ik-i), n(k) = n—ik-i, m(k) = m — k, 
i{k)j = i j+k - i k _i for < j < m(k). 
We further have 

efc = a(k - 1) = gcd(a,2 , . . . ,i fc - 2 ) , > 

fk i(k -1) ik-i-ik-2 
u r(k) — w r(k) = are (formal) equations of the fundamental locus at q r nA- 
9r(m+i) nas permissible parameters w r ( m +i), u, «V(m+i) defined by 

«r(m+i) - = y,«; r(m+1) = x"< m+1 )(cf + z). 

The rational map L/ — > ^.(m+i) is a morphism at p. We have 
o(m + 1) = gcd(a, i , ii, . . . , i m ) 

and n(m + 1) = n — i m . 

Finally, we see that there exists r(m + 2) such that / r ( m+2 ) is toroidal at p r ( m +2), 
a contradiction. 

A similar argument holds if (91) holds at p = pq. 

We conclude that (104) converges after a finite number of iterations in a diagram 
which satisfies the conclusions of Lemma 5.12. 

□ 

Definition 5.13. Suppose that f : X — > Y is T-prepared and q € Gy(/, t) is a 1- 
point. Then q is perfect for f if the fundamental locus of f through q is a (germ of 
a) nonsingular curve 7 and if u, v, w are algebraic permissible parameters at q such 
that u = w = are local equations of 7 at q then there exist finitely many series 
(f>i(u,v) G k[[u, v]] such that 

1. u,v,u>i — w — <j>i{u, v) are super parameters at q for all i. 

2. For all p E f^ 1 (q), some Wi is weakly good for f at p. 

Lemma 5.14. Suppose that f : X — > Y is T-prepared. Let V C Gy(/, t) be the set 
of perfect 1 -points. Then Gy (/, r) — V is a finite set. 

Proof. Suppose that q is a general point of a curve C C Gy (/, t) (so that q is a 
1-point). Let u,v,w be algebraic permissible parameters at q such that u = w = 
are local equations of C. 

In a neighborhood of q, we construct a diagram (104). (104) is finite by the 
conclusions of Lemma 5.12. 

Suppose that p 6 / _1 (g). At p we have permissible parameters x,y,z G Ox,p such 
that if p is a 1-point: 

it = x a 

v =y (106) 

where /3 € k, z m < n, all fa (y) are non zero, or if p is a 2-point: 

u = (a;V) a 

v =z (107) 

^ =E7= ^W(A C )^ +* d y e 
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where gcd(6, c) = 1, all <f>iAz) are non zero, i m (b,c) ^ (d, e). In either case, there 
exists a largest I < m such that a | ij if j < I. 
If at p there is a form (106), set 

(j) p (u, v) = faj = ■ 

j<l j<i 
If at p there is a form (107), set 

In both cases w — <fi p (u, v) is weakly good for / at p. 

By Lemma 5.10, there exist finitely many points p\, ... ,p n E X such that if we set 
4>i(u,v) — (p Pi (u,v), then for all p € / (<?), some Wi = w — (f>i(u,v) is weakly good 
for / at p. 

Since the <j>i j are units in Ox, Pi by Lemma 5.12, we see that u,v,Wi satisfy 5 or 6 
of Definition 5.1 of super parameters at pi. 

Let p = pi for some i, with the notation of (106) or (107). 

Suppose that p € We must show that u, v, Wi are super parameters at p. 

At p we have permissible parameters x, y, 1 G Ox,p such that if p is a 1-point: 

u =x a 

v =y _ (108) 

™ =Er=o^(»)^+^+«) 

where /? e k, i„ < n, all (j>i\y) are non zero, 
or if p a 2-point: 

t) = z _ (109) 

where gcd(6, c) = 1, im(b,c) ^ (d,e), all <f>i (z) arc non zero. 

We know from Lemma 5.11 that all fa, and <j>j are units in Ox,p and Ox,p respec- 
tively. 

It will follow that Wi are super parameters at p after we have proven that if there 
exists t with t < min{/,m} and 

^ = ^and ^(O) = 0j (O) 
for < j < t, then we have equality of power series in u, 

~k 3 (v) = faj (v) 

for < j < t, and thus equality of series 

t t 

3=0 3=0 

We will prove this in the case when p = Pi satisfies (106) and p satisfies (108). 

The proof of the remaining three cases is similar. 

We prove this by induction. First assume that I > and 
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and io (O) = ^ o (O). 

Let v be a valuation of k(X) such that the center of v on X is p, and identifying v 
with an extension of v to the quotient field of C*x, P which dominates Ox, P , we have 

k fc-i 
i/(tu - ^ ^ (y)x^ ) > u(w - <tn, (y)x ij ) 

j=0 j=0 

for < k < m. 

Let p n be the center of v on [/„, o„ be the center of v on V n in the commutative 
diagram (104). 

With the notation of the proof of Lemma 5.12, we see that the rational map 
U — > K-(i) is a morphism at p — p r (i), and f r m(p) = q r (i) has permissible parameters 
u r (i), u, w r (i) defined by 

U = = ^(^(^(i) + 0i o (O)),W r (l) = - [4>io( v ) - <t>io(°)] 

(111) 

with gcd(e, /) = 1 and f = 

u r(1) = io r(1) = 

are local equations of (a branch of) the fundamental locus of f r ^ : U — > V r ^ at 
9r(i)- We see from (111), (108) and (110) that ?7 — > 14(i) is a morphism at p = p r (i), 
that r(l) = r(l), and / r (i)(p) = q r (i)- Further, 

«r(i) = - [^i («) - \ (0)] = 
are also (formal) local equations of (a branch of) the fundamental locus of U r ^ — > 
V^(i) at 9r(i)- Since g is a general point of C, the fundamental locus of t/ r (i) — ► Vr(i) 
is a nonsingular curve. Thus 

(110) implies that 

gcd(a,z ) = - 

and 

gcd(a,i ) = -• 

Suppose that we further have that I > 1, ^ = ^ and 0^(0) = 0j (0). Then from 
(110) we have 

H - ?o _ ^i - ip 
a a 

Thus 

gcd(a,i ) = gcd(a, ip) 

n — io h — io 
We have (with the notation of (105) of the proof of Lemma 5.12) that 

&2_ _ gcd(a, i ) 

h h-io 

the rational map U — > ^ r (2) is a morphism at p = p r (2), and q r ( 2 ) = f r <2)(P) nas 
permissible parameters w r (2), v, w r (2) defined by 

«r(l) = U r(2)> u r(l) = U r(2),W r (l) = ^ 2) («J r ( 2 )+0i 1 (0)), W r(2 ) = W r(2 ) (v)-^ (0)] . 

We see that / r ( 2 ) is a morphism at p, and (/^(O) = ^(O) implies that / r ( 2 )(p) = 

9r(2)- 
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We have 

U r (2) = W r (2) = W r (2) - [0n (v) - (0)] = 

and 

«r(2) = w r(2 ) - (u) - \ (0)] = 
are local equations of (branches of) the fundamental locus of / r (i) at q r (i). Thus, 
since the fundamental locus of / r (i) is nonsingular, 

<f>h(v) = \{v)- 

Assume that I > 2, 



!£ — !£ !l — !l anc i !E — !i 
o o ' a a a a 



and <fe(0) = <^ 2 (0) (as well as & (0) = <^ o (0) and <fc(0) - ^(0)). 
Then 

gcd(a,z ,H) _ gcd(a, z ,zi) 
a a 

Now 

h - h _ h - h 
a a 

implies 

gcd(a,i 0l ii) _ gcd(a, i ,ii) 
12 —h ii — h 

The rational map U — > T^.( 3 ) is a morphism at p and p, f r ^(p) = / r (3)(f>) = o r (3)i 
and 

<A»2 0) = <^ 2 0) 

since the fundamental locus of / r ( 3 ) is nonsingular. 
Iterating, we see that if j < t, 



h j_ _ "j_ 
a a 



and 

for j < t, then 
for j < t and 



<M°) = <M°) 
gcd(a,z , . . . _ gcd(q,2 , . . . 



ij ij—i ij 
(pi, (v) = fa (v) 



for j < t. 

We have verified that a general point of every one dimensional component of 
Gy(/,r) is perfect. Thus the conclusions of the lemma hold. 

□ 

Definition 5.15. Suppose that f : X — > Y is r-prepared. Let V be the largest open 
subset of Y on which the conclusions of Lemma 5.12 hold. Let Q(Y) = Q(f,Y) be 
the set of perfect 1-points in V D Gy(f, t). 

Remark 5.16. Suppose that f is r-prepared. Then Gy(f, t) — 6(/, Y) is a finite set 
by Lemma 5.14, Lemma 5.12 and Lemma 5.10. 
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6. Relations 

In this section, we suppose that Y is a nonsingular projective 3-fold with toroidal 
structure Dy, and / : X — > Y is a dominant proper morphism of nonsingular 3-folds, 
with toroidal structures Dy and Dx = f~ 1 (Dy), such that Dx contains the singular 
locus of /. 

Definition 6.1. A quasi-pre-relation R onY is an association U from a locally closed 
subset U(R) C Dy, such that U(R) contains no non trivial open subsets of 2-curves 
or 3-points and dim U(R) < 1. 
If q G U(R) is a 2-point, 

R(q) = {Sr(q), (Ei)ii(q), (E 2 )R(q),w R{q) ,u R(q} ,v Riq} ,e R (q),a R (q),b R (q),\ R (q)) 

with gcd(a R (q),b R (q),e R (q)) = 1, e R (q) > I, u R(q) ,v R ( q) ,w R ( q ) are (possibly formal) 
permissible parameters at q with u R < q -\,v R i q -\ G £V,g ; ^ X R (q) £ k. 

We will also allow quasi-pre-relations with a R (q) = b R (q) = oo, e R (q) = 1 and 

A«(«) = l. 

If q G U(R) is a 1-point, 

R{q) = {S R (q),E R (q),w R{q) ,u R{q) ,v R{q) ,e R (q),a R (q),X R (q)) 

with gcd(a R (q),e R (q)) = I, e R (q) > 1, u R(q) ,v R{q) ,w R(q) are (possibly formal) per- 
missible parameters at q with u R ^,v R ^ G Oy. q , ^ Afl(g) G k. 

We will also allow quasi-pre-relations with a R (q) = oo, e R (q) = 1 and \ii(q) = 1. 

A restriction R' of a quasi-pre-relation R is the association from a locally closed 
subset U(R') ofU(R) such that R'{q) = R(q) for q G U(R'). 

Suppose that R is a quasi-pre-relation and q G U(R) is a 2-point. Let 

u = u R(q) ,v = v R{q) ,w = w R(q) ,a = a R (q),b = b R (q),e = e R (q), A = X R (q). 

If a, b 7^ oo, then R(q) is determined by the expression 

w e - Xu a v b . (112) 

Depending on the signs of a and b, this expression determines a (formal) germ at q 
of an (irreducible) surface singularity 

F = F R(q) - (113) 

of one of the following forms: 

F = w e - \u a v b = 

if a, b > and a + b > 0, 

F = w e u- a - Xv b = 

if a < 0, b > 0, 

F = w e v- b - Xu a = 

if b < 0, a > 0. 

In the remaining case, a, b < 0, 

F = w e u- a v- b - X 

is a unit in Oy. q and F(q) ^ 0. 

If a, b = oo, and q G U(R) is a 2-point, then R(q) is determined by the expression 

F = F R(q) = w R(q) = 0. (114) 

Suppose that R is a quasi-pre-relation, and q G U(R) is a 1-point. Let 

" = u R{q) ,v = v R(q) ,w = w R ( g ),a= a R (q),e = e R (q), X = X R (q). 
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Observe that if a ^ oo, then R(q) is determined by the expression 

w e -\u a . (115) 
This expression determines a (formal) germ at q of an (irreducible) surface singularity 

F = F R(q) = (116) 

of the form 

F = w e -Xu a = 0. 
if a > 0. In the remaining case, a < 0, so that 

F = w e u- a - X 

is a unit in Oy, q and F(q) ^ 0. 

If a = oo, and q G U(R) is a 1-point, then R(q) is determined by the expression 

F = F R{q) = w R{q) = 0. (117) 

A quasi-pre-relation R is resolved if F R ^ is a unit in Oy, q for all q 6 U(R) (This 
includes the case U (R) — 0) . 

Definition 6.2. ^4 subvariety GofYis an admissible center for a quasi-pre-relation 
RonYif one of the following holds: 

1. G is a 2-point. 

2. G is a 1-point. 

3. G is a 2-curve ofY. 

4. G C is a nonsingular curve which contains a 1-point and makes SNCs 
with Dy . If q E U(R) (~l G then the (formal) germ of G at q is contained in 
the germ w R ( q ) — 0. 

Observe that admissible centers are possible centers. 

Suppose that R is a quasi-pre-relation on Y, G is an admissible center for R, and 
* : Y 1 — > Y is the blow up of G. 

Let W be the union over q g t/(-R) of points gi in ^ _1 (g) such that gi is on the 
strict transform of w R ^ = 0. Assume that this is a locally closed subset of Dy 1 of 
dimension < 1 which contains no 2-curves or 3-points (This condition will always be 
satisfied when R is a pre-relation, Definition 6.3). The transform R 1 of R on Yi is 
then the quasi-pre-relation on Yi defined by the condition that U(R 1 ) — W. For such 
qi , R 1 (qi ) is determined by the following rules: 

If q g U(R) n G, and 

U = U R{q) , V = V R ( q ) , W = W R ( q ) , 

then G has local equations of one of the following forms at q (corresponding to the 
cases of Definition 6.2): 

l.,2. u = v = w = 0, 

3. u = v = 0, 

4. a) q a, 2-point, u = w = 0orv = w = 

4. b) q a, 1-point, u = w = 0. 

if qi e t/(i?i) n*- 1 ^), then 

Ul = U R i( qi ),Vi = V R i( qi ),Wi = W R i( qi ) 

are defined, respectively, by 
1., 2. u = u\,v = Ui(v\ + a), w = uiWi for some a g k, or u = u±vi, v = v\,w = 

ViW!, 

3. u = u\,v = U\{v\ + a) ,w = w\ for some a g k, or u = mvi,v = v\, w = w\, 
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4. a) u = ui,w = u\w\ or v = vi,w = viwi 
4. b) u = ui,v = v\,w = uiw\. 

Suppose that gi e U{R 1 ) n 1 ^~ 1 (q) and case 1 holds. Suppose that 

R(q) = (S, E, w, u, v, e, a, b, A). 
If 7^ a and a, b ^ oo, we define 

a R i(qi) = a + b- e, b R i (gi) = b, e R i (gi) = e, \ R i (q{) = Xa h . 
R 1 (qi) is thus determined by 

w\ - Xa b u a + b - e . 

If a, b ^ oo and 

U = U\,V = U\Vi, w = UiWi, 

we define 

an 1 (<7i) = a + b - e, b R i (gi) = b, e R i (gi) = e, X R i (gi) = A. 

i? 1 (gi) is determined by - \ul +h ~ e v\. 
If a, 6 ^ oo and 

we define 

am(qi) = a, b R i(qi) = a + b- e,e^i(gi) = e, A^i(gi) = A. 

i? 1 (gi) is determined by iof - \u1v^ +b ~ e . 
If a = b = oo, we define 

a^i(gi) = oo,6 fl i(gi) = oo,e K i(gi) = 1, A fl i(gi) = 1, 

and R 1 (qi) is determined by w R i( qi y 

In cases 3 and 4, we define R 1 (qi) in an analogous way. 

Suppose that : Y\ — ► Y is a sequence of blow ups of admissible centers for (the 
transforms of) i?, R 1 is the transform of R on Y"i, g e U(R) and gi € \E , 1 " 1 (g) fl U (R 1 )- 
Let 

« = U R(q) , V = V R(q) , W = W R(q) ■ 
Ul = URl( qi ),Vl = V R l( qi) ,W! = W R l (qi) . 

u and v arc related to ui,vi birationally. That is, k(u,v) = k(ui,V\). We have one 
of the following expressions: 

u = u1v\, v = u^vf, w = u\v{wi (118) 

with ad — bc — ±1, 

u = ul^(ux,vi),v = Ui72(«i,fi),tw = u\^{u\,v{)wi (119) 
where 71,72,73 are unit series, 

u = (miUi)*7i(w1)Vi))«i = «Wi) fe 72(Mi,wi),w = ufvf 73(^1, 

(120) 

where gcd(a,6) = 1, and 71,72,73 are unit series. 
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Deflnition 6.3. A quasi-pre-relation R is a pre-relation if there exists a nonsingular 
3-fold Y R with toroidal structure Dy , a pre-relation R° on Y R such that U (R°) — {q} 
is a single point with 

R °(q) = (■■■ ,WR°(q),UR°(q),VR°(q),- ■ ■) 

and a sequence of possible blow ups 

~* R :Y = Y n ^ > Yi -» Y Q = Y R 

where each Yi has a quasi-pre-relation K 1 which is the restriction of the transform of 
R l_1 , and Y i+i — > Yi is an admissible blow up for R 1 , and R — R n . 

Definition 6.4. A pre-relation R on Y is algebraic if there exists an open subset V 
of Y and a nonsingular irreducible closed surface Q(R) C V such that tt(R) makes 
SNCs with Dy, U(R) C tt(R) and S R (q) is the (formal) germ of Q.(R) at q for all 
q 6 U(R). Further, if q e Q(R) PI Dy, then there exist super parameters u R ,v R ,w R 
at q such that w R — is a local equation offt(R). 

Suppose that R is algebraic, and ^ : Y\ — > Y is an admissible blow up. then after 
possibly replacing Q(R) with an open subset of (containing U (R)), we have that 
the transform R 1 of R is algebraic, where ^(i? 1 ) is the strict transform of Q(R) by 

Definition 6.5. Suppose that f : X — > Y is prepared. 
A primitive relation R for f is 

1. A pre-relation R on Y . 

2. A locally closed subset T(R) C f~ 1 (U(R)) such that if p e T(R) and f(p) is 
a 2-point with 

R{fip)) = {S,Ei,E 2 ,w,u,v,e,a,b,\), 

then u, v are toroidal forms at p. If a,b ^ co, then there exist permissible 
parameters x, y,z at p for u, v, w such that 

w e =u a v b A(x,y,z) (121) 

where A(0,0,0) = A. 

If a = b = oo, then u,v,w have a monomial form (Definition 3.4) at p. 
If f{p) is a 1-point with 

R{f{p)) = {S, E, w, u, v, e, a, A), 

then u, v are toroidal forms at p. If a ^ oo, then there exist permissible 
parameters x, y,z at p for u, v, w such that 

w e = u a A(x,y,z) (122) 

where A(0,0,0) = A. 
If a = oo, then u,v,w have a monomial form (Definition 3.4) at p. 
In all cases, we define R(p) = R(f(p)). 

A relation R for f is a finite set of pre-relations {Ri} on Y with associated primitive 
relations Ri for f such that the sets T(Ri) are pairwise disjoint. 
We denote U(R) = UiU{Ri) and T(R) = \J t T{Ri), and define 

R(p) = Ri(p) 

ifpe T(Ri). 
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If U(Ri) fl U(Rj) =^ 0, then we further require that Y^ — Y^ (with the notation 
of Definition 6.3) and M(#.)o(g) = u ( Rj y>(q)' v ( Rl )«(q) = v ( Rj y>(q) ■ This im P^ es that 

U Rdq) = U R j {q) ,V Ri{l) = 

if q E U(Ri) fl U(Rj). We will call {Ri} the pre-relations associated to R. We will 
say that R is algebraic if each Ri is algebraic and 

n(Ri) n U(R) = U(Ri) (123) 
for all i. We will also denote Q(Ri) = fi(fi 4 ). For p G T(Ri) C T(R), we denote 

R(p) = ( S ^ Sr (p^ Ei (p^ E2 (p">> w = w R(p)> u = u R(p), 

V v = v R( P )> e = e R(.P), a = a R (p),b = b R (p), A = X R (p) 

if f(p) is a 2-point, 

S = S R (p),E(p),w = w R{p) ,u = u R(p) , 
v = v R ( p ),e = e R (p),a = a R (p),X = X R (p) 



R(P)- 

if f(p) is a 1 -point. 

A relation R is resolved if T(R) = 0. 

Definition 6.6. Suppose that f : X — > Y is prepared, R is a relation for f and 

X 1 ^ Y 1 
$ I | * 

X Y 

is a commutative diagram such that 

1. \I/ is a product of blow ups which are admissible for all of the pre-relations 
Ri associated to R (and their transforms) and $ is a product of blow ups of 
possible centers 

2. fx is prepared. 

3. Let Ri be the transforms of the Ri on Y\ and let 

T i = { P GX 1 \ P G $- 1 (T( J R,)) n f-^uiR]))}. 

Suppose that p £ T; then u-^i,, , >>,v-=;i, r . >, are toroidal forms at p. 
Then the transform R 1 of R for f\ is the relation for f\ defined by 

T(R 1 ) = \JT t , 

R 1 (p) = R 1 i (f 1 (p)) 

for p G Ti. 

It is straightforward to verify that R 1 satisfies the conditions of Definition 6.5, 
substituting from (121), (122) and (118) - (120) into (3.1). 

7. Well Prepared Morphisms 

Suppose that r <E N and / : X — ► Y is a dominant, proper, r-prepared morphism 
of nonsingular 3-folds with toroidal structures Dy and Dx = f~ 1 (Dy)- Further 
suppose that the singular locus of / is contained in Dx ■ If -R is a relation for / with 
associated pre-relations {Ri}, then for p £ T{Ri) such that f(p) = q is a 2-point, we 
have that 

Si = S R {p),E x = E R .i{p),E 2 = E Rt2 (p),Wi = w R{p) ,u = u fl (p), \ 
v = v R{p) ,ei = e R {p),ai = a R (p),bi = b R (p), A, = \ R (p) \l2A) 



R(p) 
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which we will abbreviate (as in (112)) as 

R(p) = w f* -\ iU ai v bi , (125) 

with ej > 1, if ttj, bi ^ oo, or (as in (114)) 

R(p) = Wi (126) 

if flj, bi = oo. In this case, u, v, Wi have a monomial form (Definition 3.4) at p. 
For p G T(Ri) such that /(p) = q is a 1-point, we have that 

R(p)=( Si = Sr ^ ,Ei = E ^ 1 (P^ w i = w R(p)' u = Ur (p)' \ (127) 

which we will abbreviate (as in (112)) as 

R(p)=w?-\ i u at , (128) 

with a > 1, if at ^ oo, or (as in (114)) 

R{p) = Wi (129) 

if di = oo. In this case, u,v,Wi have a monomial form (Definition 3.4) at p. 

Recall that if p' G T(R) is such that f(p') — ,f{p), then Ujj( p m — m_r( p ) = u and 
v R(p') = v R{p) = v - Let / be an index set for the pre-relations {Ri} associated to R. 

Definition 7.1. Suppose that r > 0. A t -prepared morphism f : X — > Y is pre-T- 
quasi-well prepared with relation R if: 

1. T(R) = G x (f,T)n.f- 1 (U(R)) 

2. Suppose that p G T(R). Then r > implies R(p) has a form (125) or (128), 
t = implies R(p) has a form (126) or (129). 

3. If q G U{Ri) n U(Rj), then there exists Xij(u,v) G k[[u, u]], wii/i 

•Ri(<?) Ri(q) Rj(q)' 1 fl.(g)' J RjW 

such that 

wj = Wi + Xij(u, v), 
and with the notation of Definition 6. 5, there exists a series 

( A u)°( u (R 4 )o(g)^(R 3 .)o ( g)) 

such that 

w (R 3 )°Cq) ~ w (Ri)°m = ( A y)°( u (K 3 ) (?)' w ("R 3 )°(?))' 
and Xij(u,v) is obtained from ^ijiu^^o^y v (r-)o^) from the appropriate 
expression (118) - (120). 

4. Suppose that q G U(Ri), where Ri is a relation associated to R. Then u = 
u R (q)' v ~ v R (q)' Wi = w R (q) are su P er parameters at q (Definition 5.1). 

f is t -quasi-well prepared with relation R if f is pre-r- quasi-well prepared with T(R) = 
Gx(f,r). 

We will allow a r-prepared morphism without relation (U(R) = 0) as a type of 
pre-r-quasi-well prepared morphism. 

Definition 7.2. / : X — ► Y is r-quasi-well prepared with relation R and pre- algebraic 
structure if f is r-quasi-well prepared with relation R and «jf ^.(q) 6 Oy, q 

for all Ri associated to R, and q G U(Ri). 

Definition 7.3. / : X — > Y is r-well prepared with relation R if 

1. / is r-quasi-well prepared with relation R and pre-algebraic structure. 
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2. The primitive pre-relations {Ri} associated to R are algebraic, and R is al- 
gebraic (Definition 6.5). 

3. Suppose that q G U(Ri) n U(Rj). Let Wi = an d w j = w ~R ( q )> u = 

Suppose that q is a 2-point. Then there exists a unit series 4nj G k[[w, v}] 
and a,ij,bij G N (or fcj = with = bij = — oo) with 

Wj =w t + u a 'j v hi ? <f>ij . (130) 

Suppose that q is a 1-point. Then there exists a unit series <pij G k[[u, v]] 
and Cij G N (or cj>ij = with Cij — — oo) with 

wj = Wi + u Cii <j>ij. (131) 

4. For q G U(R) a 2-point, set I q = {i e I | q G C/(^Rj)}. Tften tfte set 

{(oijAj) l*,je/,} (132) 

/rom equation (130) is totally ordered. 

Definition 7.4. Suppose that f : X — > y is pre-T- quasi-well prepared, q <E Y is a 
1-point such that q £ U(R). A curve C C Dy such that q G C is called a resolving 
curve /or / cm<i Ratq if 

1. C mafes S'AfCs wit/i L> y . 

2. CnGy(/,r) C {g}. 

3. If q £ C is a 2-point, then there exist super parameters u,v,w at q such that 
u — w — are local equations of C at q. 

4. If q G C is a 1-point, then there exist permissible parameters u,v,w at q such 
that u,v are toroidal forms at p for all p G f^ 1 (q), and u = v = are local 
equations of C at q. 

Definition 7.5. Suppose that f : X — > Y is pre-r- quasi-well prepared with relation 
R. 

1. A 2-point q G U(R) is prepared for R. 

2. A 1-point or 2-point q G Y such that q £ U(R) is prepared for R if there exist 
super parameters u, v, w at q. 

3. A 2-curve C CY is prepared for R. 

4. A 1-point q G U(R) is prepared. 

5. A resolving curve C for f and R at a 1-point q U(R) is prepared. 

If E is a component of Dy, Ri is pre-algebraic, and q G U(Ri), we will denote 
E ■ S-ftXq) for the Zariski closure in Y of the curve germ u = Wr.^ = at q, where 
u = is a local equation of E. 

Definition 7.6. Suppose that f : X — > Y is r-well prepared with relation R for f . A 
nonsingular curve C G Dy which makes SNCs with Dy is prepared for R of type 6 if 

1. C — E a ■ SftXqp) for some component E a of Dy, pre-relation Ri associated 
to R and qp G U(Ri). 

2. Q(Ri) contains C. 

3. If C = E 1 ■ % (q s ) is such that C C fl(Rj), C ± C ', and q G C n C , then 
q G U(R~i) n U(Rj) and C = E~S^Jq). 

4. If j i and C = E 1 ■ S-^, (qs) then C satisfies 1 and 2 and 3 of this definition 
(for Rj). (In this case we have by (123) that U(Rj) n C = U(Ri) DC). 
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5. Let 



Ic = {j S / | C = E y ■ S-jj (qs) for some Rj,E 7 ,qs G U(Rj)}. 

Suppose that q G C is a 1-point or a 2-point such that q £ U{R). Then there 
exist u, v G Oy, q such that for j G Ic there exists uij G Oy, q such that 

(a) Wj = is a local equation of Q(Rj) and u,v,Wj are permissible parame- 
ters at q such that u = Wj = are local equations of C at q. 

(b) u, v, Wj are super parameters at q. 

(c) If i,j G Ic and q is a 1-point, there exist relations 

Wi — Wj — u Cii 4>ij (u, v) 

where 4>ij is a unit series (or <f>ij — and Cij = —go). 

(d) Ifi,j G Ic and q is a 2-point (with q U(R)) then there exist relations 

Wi - Wj — u c * J 'w dsj '(/> l:( -(u,v) 

where 4>ij is a unit series (or 4>ij — and = dij = —oo), and the set 
{(cij,dij)} is totally ordered. 

If / : X — ► Y is r-well prepared with relation R, and Ri is a pre-relation associated 
to R, we will feel free to replace fl(Ri) with an open subset of Cl(Ri) containing U{Ri), 
and all curves C = E ■ S^.(g) such that E is a component of D Y , q G U(Ri) and C 
is prepared for R of type 6. This convention will allow some simplification of the 
statements of the theorems and proofs. 

Definition 7.7. / : X — > Y is t -very-well prepared with relation R if 
1. f is T-well prepared with relation R. 



2. If E is a component of D Y and q G U{Ri)C\E, then C — E ■ S-^Xq) is prepared 
for R of type 6 (Definition 7.6). 

3. For all Ri associated to R, let 

Vi{Y) = = E a ■ S-^.(q-y) \ q 7 G U(Ri),E a is a component of Z?y| . 
Then 

jeVi(Y) 

is a SNC divisor on Cl(Ri) whose intersection graph is a forest (its connected 
components are trees). 

If / : X — ► Y is T-very-well prepared, we will feci free to replace with an 

open neighborhood of Fi in f2(i?i). This will allow some simplification of the proofs. 

Remark 7.8. Suppose that f : X — > Y is r-very well prepared. Then it follows from 
Definition 7.7 and (123) that F t n U{R) = U{Ri) for allRi associated to R. 

Definition 7.9. Suppose that f : X — > Y is pre-r- quasi-well prepared (or r-well pre- 
pared or T-very-well prepared) with relation R. Let {Ri} be the pre- relations associated 
to R. Suppose that G is a point or nonsingular curve in Y which is an admissible 
center for all of the Ri . Then G is called a permissible center for R if there exists a 
commutative diagram 

X 1 ^ Y 1 

$ I I * (133) 

X ^ Y 
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where * is the blow up of G and $ is a sequence of blow ups 

X\ = X n Xi — ► X 

of nonsingular curves and 3-points 7; which are possible centers such that 

1. /1 is t -prepared and the assumptions of Definition 6.6 hold so that the trans- 
form R 1 of R for fx is defined. 

2. 

T fl (p) < Tf((f>(p)) 

for p e D Xl ■ 

3. f\ : X\ — > Yi is pre-r- quasi-well prepared, (or r-well prepared or r -very-well 
prepared) with relation R . 

(133) is called a pre-r-quasi-well prepared (or r-well prepared or r-very-well pre- 
pared) diagram of R (and 

Definition 7.10. Suppose that f :X^>Y is r -well prepared (or r-very-well prepared) 
with relation R and C C Y is prepared for R of type 6. Then C is a * -permissible 
center for R if there exists a commutative diagram 

X, A Y 1 

$ I I * (134) 

X -Z> Y 

such that 

1. /1 is t -prepared and the assumptions of Definition 6.6 hold so that the trans- 
form R 1 of R for fx is defined. 

2. 

TfM < TfWp)) 

for p e D Xl ■ 

3. f\ : X\ — > Yi is pre-r -well prepared (or r-very-well prepared). 

4. (13 Ji) has a factorization 

v "v 7 fi—fm T7 v 

Al-A m — > I m — I\ 

I 
I 

_A 2 — > 

_x 1 h 
$1 1 

x 1* 

where ^1 is the blow up of C , 

$1 I 

X Y 

is a r-well prepared diagram of R and \&i of the form (133), each : 
Y i+ i — ► /or i > 1 zs i/ie Wow wp 0/ a 2-point q EYi which is prepared for 



I 

y-2_ 

Yi_ 
Y 



1% 



(135) 



(136) 
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the transform W of R on Xi of type 2 of Definition 7. 5, and 

is a T-well prepared diagram of R 1 and ^j+i of the form of (133). 

5. Suppose that E is the strict transform of >f \ (C) on Y\. then E ■ J?j (?) is 

prepared for R 1 of type 6 for all primitive relations R i associated to R 1 , and 
q G U(Rj) fl E. 

6. Suppose that 7 C Y is a curve which is prepared for R of type 6. Then the 
strict transform of 7 on Y\ is prepared for R 1 of type 6. 

Definition 7.11. Suppose that f : X — > Y is pre-r- quasi-well prepared (or T-well 
prepared or r-very-well prepared) with relation R. Suppose that 



x 1 


h 


Y 1 










(137) 


X 


Y 





is a commutative diagram such that there is a factorization 

X x =X m h ^ m Y m = Y 1 
I 

I 

$2 4 

_Xi 

X 

where each commutative diagram 

X t 

is either of the form (133) or of the form (134)- Then (137) is called a pre-T-quasi- 
well prepared (or T-well prepared or t -very-well prepared) diagram of R (and 

8. Construction of t-well prepared diagrams 

Lemma 8.1. Suppose that f : X —>Y is pre-T -quasi-well prepared ( or T-well prepared 
or T-very-well prepared) and C C Y is a 2-curve. Then C is a permissible center 
for R, and there exists a pre-T -quasi-well-prepared (or T-well prepared or T-very-well 
prepared) diagram (133) of R and the blow up ^ : Y\ — > Y of C such that Q is a 
product of blow ups of 2-curves. Furthermore, 

1. $ is on isomorphism over f~ x {Y — C) 

2. Further suppose that f is T-well prepared. Then 



fi+l T7 

— > y i+i 

h Yi 



fi 
f 



I 



fl T7 



Yi_ 

Yi_ 

Y 



Yi+l 

Y, 



(138) 
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(a) Let E be the exceptional divisor for . Suppose that q G U{R i ) n E for 
some Ri associated to R. Let 7, = S-^i(q) ■ E. Then ji = 1 ('I f (g)) is 

a prepared curve for R 1 of type 6. 

(b) If -f is a prepared curve for R, then the strict transform of 7 on Y\ is a 
prepared curve for R 1 . 

3. Suppose that q G C , p G / -1 (<?) ; p' € &i {p)> u i v i w are permissible parame- 
ters at q such that u = v = are local equations of C, and w is good at p. If 
w is not good at p' , then Tf 1 (p 1 ) < Tf(p). 

Proof. This follows from Lemma 5.4 and a straight forward extension of the proofs 
of Lemma 5.2 [C5] and Lemma 7.11 [C5]. 3 follows from calculations as will be given 
in detail in the proof of 6 of Lemma 8.4. □ 

The proofs of Remarks 8.2 and 8.3 follow easily from the methods of the proof of 
Lemma 8.1. 

Remark 8.2. Suppose that f : X — > Y is pre-r -quasi-well prepared (or r-well 
prepared or t -very-well prepared) and C C Dx is a 2-curve or a 3-point. Let 
$1 : X x -> X be the blow up of C, fi = fo^ 1 :X 1 ^ Y. Then 

1. fi is pre-r- quasi-well prepared (or r-well prepared or r-very well prepared). 

2. Suppose that p 1 G Xi, p = $\{p\), q — fi(p), u,v,w are permissible parame- 
ters at q such that w is good (weakly good) atp for f. Ifwis not good (weakly 
good) at pi for f, then T fl (pi) < T f (p). 

3. (/ o^)-\e(f,Y)) ce(/,,yi). 

Remark 8.3. The proof of Lemma 8.1 shows that if f : X — > Y is pre-r -quasi-well 
prepared (or r-well prepared or r -very-well prepared), C G Y is a 2-curve, ^ : Y\ — > Y 
is the blow up ofC and $ : X x — > X is a sequence of blow ups of 2-curves and 3-points 
such that the rational map fx : X\ — > Y\ is a morphism, then 





h 


Y 1 








X 


Y 



is pre-r -quasi-well prepared (or r-well prepared or r -very-well prepared) for R and 'J. 
In fact, with the above notation, if f satisfies 1-3 of Definition 7.1, then fx satisfies 
1-3 of Definition 7.1. Further, 2 and 3 of the conclusions of Lemma 8.1 hold. 

Lemma 8.4. Suppose that f : X — > Y is pre-r -quasi-well prepared (or r-well pre- 
pared), q G Y is a 1-point such that q £ U(R), and C C Dy is a resolving curve for 
f at q. Then there exists a pre-r -quasi-well prepared (r-well prepared) diagram 

Xx ^ Yi 
X Y 

such that 

1. ^1 is the blow up of C , 

2. <!>! is a sequence of blow ups of 2-curves. 

3. T h {px) < r/($i(pi)) for Pl G X x . Thus r fl ( Pl ) < r if Pl G (*i o /i) _1 (C - 
{«})■ 

4. Suppose that C\ G Y\ is a section over C , q G C is a 1-point, u,v,w are 
permissible parameters at q such that u = v = are local equations of C, u, v 
are toroidal forms at p for all p G f^ 1 (q), and q\ € C\ fl ^^ x {q) is a 1-point. 
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Then there exist permissible parameters ui,v\,w at q\ such that Ui,v\ are 
torodial forms at pi for all pi G fi (qi), andu\ = V\ = is a local equation 

of a. 

5. Suppose that p G f^ 1 (q), p' G ^ 1 1 (p), u,v,w are permissible parameters at q 
such that u = v = are local equations of C , and w is good at p for f . If w 
is not good at p' for fi, then Tf 1 {p 1 ) < Tf(p). 

Proof. Suppose that q G C is a 1-point. Then there exist permissible parameters 
u, v,w at q such that u = v = are local equations of C, and if p G f~ 1 (q), then m, v 
are toroidal forms at p. Thus there exist permissible parameters x, y, z at p for u, v, w 
such that one of the forms (6) or (7) hold. 

If q G C is a 2-point, then there exist super parameters u,v,w at q such that 
u = w = are local equations of C. Thus if p G f~ 1 (q), then there exist permissible 
parameters x, y, z at p for u, v, w such that one of the forms (62) - (65) hold. 

By Lemma 3.13 [C5] and Remark 8.2, after blowing up 2-curves and 3-points by 
a morphism <!>o : Xq — > X such that if q G C is a 2-point, u, v, w are the above 
permissible parameters at q, and p G (/ o <& )~ 1 (q), then (x a y b , x e yf , x 9 y h ) is a 
principal ideal if (63) holds at p, {{x a y b ) k 1 {x a y b ) 1 , x c y d ) is principal if (64) holds at 
p, (x a y b z c , x 9 y h z l , z^y k z l ) is principal if (65) holds at p. We further have that / o $ 
is pre- r-quasi- well prepared (r-well prepared). In particular, 

T/o$ (p) < T/($0(P)) 

for p G X a . 

We now analyze the points p G Xq where lcOx a is not principal. 
First suppose that q G C is a 1-point, p G Xq, and / o $o(p) = q- 
If p is a 1-point then we have an expression 

u = x a , v = y 

and u = v = are local equations of C. The non principal locus has local equations 
x = y = 

If p is a 2-point then 

u= (x a y b ) k ,v = z 

and u = v = are local equations of C. The non principal locus has local equations 
{x = z = 0} U {y = z = 0} 

Now suppose that q G C is a 2-point and / o 3>o(p) = <?• 

If p is a 1-point of the form (62), then 

u = x a 

v =x b (a + y) 

w — x c 'j(x, y) + x d (z + [3). 

u = w = are local equations of C. If p is in the non principal locus then we have 
(after possibly making a change of variables in z) w = x d z with d < a and x = z = 
are local equations of the non principal locus. 
If p is a 2-point of the form (63), then 

u — x a y b 
v = x c y d 

w = x e yfj(x, y) + x 9 y h (z + [3). 

u = w = are local equations of C. If p is in the non principal locus then (after 
possibly making a change of variables in z), we have w — x 9 y h z with (g, h) < (a, b). 
Local equations of the non principal locus are x = z = (if g < a, h = b), y = z = 
(if g = a, h < b) and {x = z = 0} U {y = z = 0} if g < a and h < b. 
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If p is a 2-point of the form (64), then 

u = (x a y b ) k 

v = ( x a y b ) t (a + z) 

w = (x a y b ) l j(x a y b , z) + x c y d 

u = w = are local equations of C, and p is in the principal locus. 
If p is a 3-point, of the form (65), then 

u — x a y b z° 
v = x d y e zi 
w = x 9 y h z lr ) + xiy k z l 

u = w = are local equations of C, and p is in the principal locus. 

We see that the non principal locus of lcOx a is a union of nonsingular curves 
which are possible centers and are not 2-curves. 

Let Uq C X be the largest open set on which the rational map f = ^^f 1 o / o $ : 
Xq — > Y\ is a morphism. We will now show that / : Uq — > Y\ is r-prepared, and 
tj q (p) <T f ($ (p)) forpe U Q . 

Suppose that p £ U n (/ o $ ) _1 (C). Then (/ o $ )(p) = <Z is a 2-point, and there 
exist super parameters u, v, w at q such that u = w = are local equations of C, and 
one of the forms (62) - (65) hold for u, v, w at p. Let qi = f a (p). We have permissible 
parameters Ui,v,wi in Oy 1 _ qi such that either 

U = Ml, W = Ul{w\ + S) 

with 5 £ k, or 

u = u\Wi, w = w\. 

The most difficult case to analyze is when p is a 3-point, (so that u,v,w satisfy 
(65)), T/ O $o(p) > 0, and u — u\Wi,w = w\. We will work out this case in detail. 
Since q is a 2-point, we will then have that 

Tj o (p) < T /O $ (p) < 7y(* (p)) < T. 

In this case q\ is a 3-point. 

u = x a y b z c , v = x d y e z f ,w = a t x ai y bl z Ci + x 9 y h z i 

i>0 

with 0^«i for all i. Set 

7 = aiX ai - ao y hi - bo z Ci - Co + x g - ao y h - ao z^ . 



7 £ Ox, P is a unit series, and 
with (a , b , c ) < (a, 6, c). 



a; Qo w fco z Co 7, 



Suppose that (a, b, c) and (ao,6o, c o) are linearly independent. 

After possibly interchanging x,y,z, we may assume that a^b — abo ^ 0. There exist 
Ai, A 2 G Q such that if 

x = x 1 x \y = y 1 x \ (139) 

then 

w =x ao y ba z ca 
u = x a y b z c 



v = x d y e z f "f x 



for some ^ A £ Q. 
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There exists a series P(x,y, z) where the monomials in x,y, z in P with nonzero 
cocmcicnts are monomials in x ai ~ ao y bi ~ bo z Ci ~ c ° for i > 0, such that 

7 A = P + x 9 - a °y h - bo z l - Co n. (140) 

Iterating, by substituting (139) into successive iterations of (140), we see that there 
exists a series P(x, y, z), where the monomials in x, y, z in P with nonzero coefficients 
are monomials in x a, ~ a °y fc,-6 °z Ci ~ Co for i > such that 

7 A = P + x g - aa y h - ba z l - Ca Vi. 

Comparing the Jacobian determinants 

Detf % u > v > w l ) 

V 9{x,y,z) ) 

and 

Detf d ^ V ] V 

V 9{x,y,z) ) 

we see that ft is a unit series. 

There exist rational numbers (3i,(fa, such that we can make a formal change of 
variables, setting 

x = xQ 131 , y — y^f 2 , z — z^f 3 

to get an expression 

w =x ao y bo c co 

u = x a y b z c 

v = x d y e ?J (P(x, y, z) + x 9-a yh-b ^i-c a ^ . 

Thus 

Wi = x a "y b °c c ° 

Ui = x a - a °y b - b °z c ~ c ° 

v = x d y e 5 f (P(x, y, z) + x a-^yh-b Q ~t-c Q ^ _ 

is an expression of the form of (19). 
We see that f is prepared at p, and 

t J (p) < £{{{ao,b ,c )Z + (a - a ,b - b ,c- c )Z + (d,e, /)Z + J2i>i( a i ~ a o,h - 6 ,c, - c )Z) 

/((a , b , c ) + (a-a ,b- b , c - c )Z + (d, e, /)Z)) 
= *(((a, 6, c)Z + (d, e, /)Z + £i>oK> hi, c*)Z) 

/((a, 6, c)Z + (d, e, /)Z + (a , 6 , c )Z)) 
< e(((a, b, c)Z + (d, e, /)Z + Ei>o(«^ h <. C *)Z) 

/((a,6,c)Z + (d, e ,/)Z)) 
= r/o* (p) < 7y(*o(p))- 



Suppose that (a, 6, c) and (a , 6o, Co) are linearly dependent. 

Then (d, e, /) and (do, &o> Co) are linearly independent. After possibly interchanging 
x, y, z, we may assume that dbo — ea ^ 0. There exist Ai, A 2 G Q such that if 



then 



for some ^ A S Q. 



w =x a °y b °z Co 
v = x d y e z f 
u = x a y b z c "f x 
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As in the case when (a, b, c) and (do, bo, Co) are linearly independent, we can make 
a change of variables to get an expression where the monomials in x,y,z in P with 
nonzero coefficients are monomials in x ai ~ ao y bi ~ bo z Ci ~ ca for i > 0. 

w = x a °y b °c c ° 
v = x d y e zf 

u = x a y b S c (F(x, y, z) + x 9-a yh-b ^i-c ^ . 

Thus 

Wl = x ao y bo C co 

v = x d y e zf 

is an expression of the form of (19). 
We see that / is prepared at p, and 

t j (p) < £{{{ a o,b ,c )Z + (d,e,f)Z + (a-a ,b- b ,c-c )Z + J2i>i( a i - a o, b i - b o,Ci - c )Z) 
/((a , b , c ) + (d, e, f)Z + (a-a ,b- b , c - c )Z)) 
< r /o $ (p) < T/(* (p))- 

We conclude that f :Uo—> Y\ is r-preparcd, and T j o {p) < T f(^o(p)) f° r P E Uo- 

Thus / is pre-r-quasi-well prepared (r-well prepared), as C fl J7(i?) = 0. 
Let Z = X . 

We now construct a sequence of morphisms Aj : Zi — > which are the blow up 
of a possible curve Cj_i contained in the locus where XcOz i _ 1 is not invertible. 

Let hi : Zi — > Yi be the rational map /ij = / o Ai o ■ ■ ■ o Aj. We will verify by 
induction that: 

A. For all p\ in the locus where hi is a morphism, hi is r-prcpared and 

n H (Pi) < T /(*o o Ai o A 2 o • • • o A t ( Pl )). 

B. Suppose that p\ G Zi is a point where lcOzi, Pl is not principal. Let p = 
Aio- • -oAj(pi), g = Jo$ (p). Then there exist permissible parameters w, w, to 
at q, permissible parameters x,y,z in Oz ,p f° r m j w an d regular parameters 
xi,yi, z\ in Oz ilPl such that we have one of the following forms: 

1. q a 1-point, p a 1-point, pi a 1-point. We have an expression 

u = x a ,v = z,w= V" aijx l z° + x n (y + (3) 

i<n,aij^0 

in Oz a .p, where u = v = are local equations of C . 

We have permissible parameters x\,y\, z\ at pi such that 

x = xi,y = yi,z = x\zi 

with b < a, and 

u = x" 

v =x\z x (141) 
w = ^a ij x\ +bj z{+x?{y 1 +(3). 

with b < a, where u = v = are local equations of C. 

2. q a 1-point, p a 2-point. We have an expression 

u = (x a y b ) k , v = z,w=J2 auz l fr a V h Y + *V 

i,l>0 
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in Oz ,p, where the sum is over i, I such that (ia, ib) ^ (e, /), af — eb ^ 

and u = v = are local equations of C. 

We have permissible parameters xi,yi, z\ at pi such that 

x = X!,y = y 1 ,z = xlyfzt 

with (c, d) < (ak,bk), and 

u = {x a iy X) k 

v = x\y{z\ (142) 
w =E t , l auz[xr +cl y b 1 l+dl +xty[. 

with (c, d) < (ak, bk), u = v = are local equations of C. 

3. q a 2-point, p a 1-point, pi a 1-point. We have an expression 

u = x" 

v =x b 1 (P + y 1 ) (143) 
w = xfzi 

in Ozi, Pi , with d < a, ii = i» = 0a local equation of C 

4. q a 2-point, p a 2-point, pi a 2-point. We have an expression 



u 


= Av\ 




V 


c d 

= XiUi 


(144) 


w 


Q h 

= x\y^zi 





with (g, h) < (a, b) , u = w = are local equation of C. 

We have verified that A and B are true for ho = f - Suppose that A and B are 
true for hi. We will verify that A and B are true for h i+ i. 

We may suppose that p\ G C\ (recall that d is the curve blown up by A^+i). 
Then d has local equations x\ — z\ — if p\ satisfies (141). d has local equations 
xi = z\ = (or yi = z\ = 0) in (142). d has local equations x\ = z\ = in (143). 
Ci has local equations x\ = z\ = (or j/i = z\ = 0) in (144). 

After possibly interchanging x\ and y\, we may assume that x\ — z\ = is a local 
equation of Cj. 

Suppose that p 2 £ A^^pi). Then 0z i+liP2 has regular parameters x 2 ,y 2 , Z2 such 
that 



xi = x 2 ,yi = yi,z\ = x 2 (z 2 + a) (145) 

with a e k, or 

= a;2Z2,yi = 2/2,-21 = z 2 . (146) 
Suppose that (141) holds. Then 

7-/o* (p) = q iz + ozj/oz . 

Suppose that (141) and (145) hold. Then 
u = 

t> =.^ +1 (z 2 + a) (147) 
w = £ a y 4 +(6+1)j ^ 2 + a)j + ^(y 2 + 0). 
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Suppose that a = b + 1 in (147). Then Zj+i — > Yi is a morphism at p2- Let 
<7i = hi+i(p2). There exist permissible parameters ui,v\,w at qi defined by 

u = m, v = u\(v\ + a). 

We have an expression 

iti = x 2 

vi = z 2 (148) 
w = E atj xl +aj (z 2 + ay+ x% (y 2 + 13) , 

of type (6) so that h i+ i is prepared at p 2 . We have by (29) that 

Th i+ M <i((aZ+ [* + a]Z)/aZ) = ^o$„(p)<T / ($ (p))- 

Suppose that b + 1 < a and a ^ in (147). Then Zj+i — > Yi is a morphism at p 2 - 
Let gi = h i+ i(p 2 ). There exist permissible parameters u\,vi,w at gi defined by 

u = u\Vi, v = v\. 
There exist regular parameters x 2 ,y 2 ,z 2 in Oz i+1 , P2 sucn that 



ui =4- fc - 1 (z 2 + a)- 1 =^- b - 1 
ui = x b 2 +1 (z 2 + a) = x\ +1 (z 2 + a) 
w 



E s ^(Ei+(fc+i) J=s <Hj{?2 + a) r ) + x r 2 l {y 2 + (3) 
E s ^(z 2 +a)« [EiOtf^ + a)*^)] + 3^+^). 



(149) 



of type (2), so that /ij+i is prepared at p 2 . 
We observe that 

a ij {z 2 + a) j ^0 

i+(6+l)j=a 

if and only if some ay ^ with i + (b + l)j = s. To show this, observe that 

x ^ 12 ai o{-^+i) 3 ]= 12 

i+(b+l)j=s i+(b+l)j=s 

We calculate from (27), 

r hi+ M = *([(a-&-l)Z + (6+l)Z 

+ E o< ^0,i + (6 + l W Zn(< + ( & + l)i)Z]/[(« - 6 - 1)Z + (6 + 1)Z]) 

< I ([£„„*> *Z + aZ + (fo + l)Z]/[aZ + (b + 1)Z]) 

< r/o* (p) < r/($ (p)) 

Suppose that 6 + 1 < a, — a in (147). Then we are back in the form (141) with 
a decrease in a — b. 

Suppose that (141) and (146) hold. Then 

u = x 2 z 2 

w =E 2 aijx 2 +bi 4 +(b+1)j + + 0)- 

Z i+ i — ► Yi is a morphism at p 2 . Let q\ = h i+1 {p 2 ). There exist permissible 
parameters U\,vi,w at q\ defined by 



U = UiV\,V = V\. 
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We have an expression 

Vl = x b 2 z b 2 +1 (150) 
w = £ a ijX i +bj zi +{b+1)j + x%z${y 2 + (3) 

of type (3), so that h i+ i is prepared at pi- 
From (21), we have 

r hi+1 (P2) = -b,a-b-l)Z + (b,b + 1)Z 

+ Ea l3 #0.( 4 +^. 4 +(b+lb)2(r l .n)( i + * + ( & + !)i) Z ) 

/((a - 6, a - b - 1)Z + (6, b + 1)Z)) 
<^(((a ) a)Z + E 0l ^(i,i)Z)/(a,a)Z) 

= T"/o*o(P) < T /( $ 0(P))- 

Suppose that (142) holds. Then 



T /o*o (P) = £ 

Suppose that (142) and (145) hold. Then we have 



(kZ + J2 *Z)AZ 

au^O 



u = (x a 2 y b 2 ) k 

*> = x c 2 +1 y 2 i (z 2 + a) (151) 

E, i \l ai+(c+l)l bi+dl . e / 
M Oij(22+a)'or 2 y 2 ^ + x e 2 y J 2 . 

Suppose that (ak, bk) = (c+ 1, rf) in (151). Then Z i+ i — > Yi is a morphism at P2- Let 
<7i = h i+ i(p 2 ). There exist permissible parameters u\,v\,w at q\ defined by 



u = U\ 

v = U\{v\ + a). 



We have an expression 

«1 = (^) k 



Ul = ^2 
W 



^-(a + ^^'iT + ^ (152) 

= E M a« + a)'(zSl£) i+,fc + 
of type (7), so that /ij+i is prepared at p 2 . From (24), we have 



T hi+ M < i((kZ + J2 ( f + ^) Z A Z ) < 7-/o*o(P) < 7"/(*0(p)). 

Oil^0,(t+Jfe)(o,6)2(e,/) 

Suppose that (ak,bk) > (c + and ^ a in (151). Then Zj+i — > Yi is a 
morphism at P2- Let q\ = h i+ i(p 2 ). There exist permissible parameters ui,vi,w at 
qi defined by 



u = mvi,v = v\. 

Suppose that ad — b(c + 1) ^ in (151). Then there exist regular parameters 
x 2 ,y 2 ,z 2 in 6 Zi+uP2 defined by 

_ bk 

x 2 =x 2 (z 2 + a) h 

ak 

Vl =y2(z2 + a)~ 

ebk~fak 

~z 2 = (z 2 + a) h -a 
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ebk-fak 

with h — adk — (c + \)bk and a = a ~ , such that 

Vl = x c 2 +1 yi(z 2 + a)= x c 2 +1 yi (153) 
*> = Em aux a 2 l+(c+1)l y% +dl + x%y{(z 2 + a) 

with 7^ 75 e k, which is an expression of type (3), so that hi+i is prepared at p 2 . 
From (21), we see that 

Th i+1 (P2) = i((ak -c-l,bk-d)Z + (c+ 1, d)Z 

+ Ea„^,( a , t )+!(c + li)2( e j)[ ! («. b ) + l ( c + M)]z]/ 
[(ak -c-l,bk-d)Z + (c + 1, d)Z) 

< £ [(A(o, &)Z + Ea^o &)Z)/fc(a, &) z ] (154) 

= 4*Z + Eaa^O iZ / fcZ ] = 7-/o*o(P) < 7-/(*0(p))- 

Suppose that ad — b(c+l) — in (151), (and (ak, bk) >(c+l,rf),0/a in (151)). 
There exist positive integers a,b,t, k such that gcd(a, b) — 1, and 

(ak — c — 1, bk — d) = t(a,b), (c + 1, d) — k(a,b). 

From k(a, b) = (t + k)(a,b) and gcd(a, b) — 1, gcd(a, b) — 1, we see that (a, b) = (a,b) 
and t + k~k. 

There exist regular parameters x 2 ,y 2 ,z 2 in Oz i+1 , P2 , defined by 

_j_ 

x 2 = x 2 (z 2 + a) ht 

e 

V 2 =lj2(z2+a)ht 

z 2 = (z 2 + a) * - a 

— — 1-1- = 

where h = fa — eb, a = e * , such that 

ui = x?- c - 1 itf- d {z2 + a)- 1 = (x a 2 y%f 

«i = x c 2 +1 yi(z 2 + a) = (x a 2 y h 2 ) k (z 2 + a) (155) 
w = E l j^2 + a)(i+^+i(x a 2 f 2 y+ kl +x%y{, 

which is an expression of type (4), so that /ij+i is prepared at p 2 . 
From (22), we have 

r hi+1 (pa) = tm + kZ + Ea u ^+ki)(a.bmeJ) ( lk + *) Z )/(* Z + ^ Z )) 
< £((kZ + kZ + £ Q , #0 iZ)/(fcZ + fcZ)) 

<mz+Ea u ^M)/kz) fl56 ) 

= r /o$0 (p)<r / ($o(p)) 

Suppose that (ak,bk) > (c + and = a in (151). Then we are back in the 
form (142), with a decrease in (ak — c) + (bk — d). 
Suppose that (142) and (146) hold. Then 

u = x 2 k y 2 k z 2 k 

v = x c 2 y^ +1 (157) 
w = E M a u xf +cl y^+ dl z 2 + ai + cl + xly f 2 zl 

Then Z i+ i — > Y\ is a morphism at p 2 - Let qi = h i+ i(p 2 ). There exist permissible 
parameters u\,v\,w at q\ defined by 
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We have an expression 

Ul = xf ~ c yf - d zf- c - x 

vi = x c 2 y 2 l z? 1 ' (158) 

*> = £i,* a a xf +cl y^ +dl z 2 +ai+cl + x\y[z* 2 . 

of type (5), so that h i+1 is prepared at p 2 . We calculate Th i+1 {p2) from (19). 
Set 

H = ((ak,bk,ak)Z + (c,d,c+l)Z 

+ J2au^o( ai + c ^> bi + dl,l + ai + cl)Z)/ 
{(ah, bk, ak)Z + (c, d, c + 1)Z) 

= ((ak, bk, ak)Z + J2a u ^o( a ^ hi, ai)Z)/(ak, bk, ak)Z). 
Th i+1 (pi) = t((ak -c,bk-d,ak-c - 1)Z + (c, d, c + 1)Z 

+ E ail jLO,(ai+cl,bi+dl,l+ai+cl)?(eJ,e) [ai + d ,bl + dl ,1 + ai + d)Z) / 

((ak -c,bk-d,ak-c - 1)Z + (c, d,c+ 1)Z)) 
<*(tf)- 

The homomorphism Z — > Z 3 defined byin (xa, x&, xa) induces an isomorphism 

(kZ + iZ)/kZ -► H. (159) 

Thus T hi+1 ( P2 ) < T fo ^ (p) < T/($ (P))- 

Suppose that (143) and (145) hold. Then 



M = X 2 

v = x b 2 (/3 + y 2 ) (160) 
w = x 2 +1 (z 2 + a). 

Suppose that d+1 = a in (160). Then Zi + \ — ► Y\ is a morphism at p 2 - Let 
<7i = h i+ i(p 2 ). There exist permissible parameters U\,v,wi at qi defined by 

u = Ui, w = ui(wi + a). 

We have an expression 

ui = x 2 ,v = x b 2 (/3 + y 2 ),wi = z 2 

which is toroidal, so that hi+\ is prepared at p 2 , and 

Th i+1 (p2) = -oo < r/($ (p))- 

Suppose that d+1 < a and ^ a in (160). Then Z i+ i — ► Y~i is a morphism at p 2 . 
Let qi = h i+ i(pi). There exist permissible parameters u\,v,w\ at qi defined by 

u = u\Wi, w — w\, 

so that qi is a 3-point. 

There exist regular parameters x 2 ,y 2 ,z 2 in Oz i+1 , P2 an d ^ a, (3 G k such that 

ui = a^ - ^ + a)" 1 = x^" 1 
v = x|(/3 + y 2 ) 
tUi = x$ +1 (z 2 + a) 

which is toroidal, so that hi + \ is prepared at p 2 , and 

t/h+i(P2) = -oo < r/($ (p))- 

Suppose that d + 1 < a and = a in (160). Then we are back in the form (143) 
with a decrease in a — d. 
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Suppose that (143) and (146) hold. Then 



— x 2 6 2 



= x b 2 z b 2 {a + y 2 ) 



d„d+l 



W — x 2 z 2 

Thus Z i+ i — > Y\ is a morphism at p 2 . Let qi = hi + i(p 2 ). There exist permissible 
parameters u\, v, w\ at qi defined by 

u = u\wi, w = w\. 
We have a 2-point mapping to a 3-point, and an expression 

ui = xZ-*^-*- 1 
v =x b 2 zl(a + y 2 ) 
Wl = x^z^ +1 

which is a toroidal form, so that h i+1 is prepared at p 2 , and 

Th i+1 (p2) = -oo < r/($ (p))- 
Suppose that (144) and (145) hold. Then 

u = x 2 y 2 

v = x c 2 y d 2 (161) 
w = x 9 2 +1 y 2 l {z 2 + a). 

Suppose that (a,b) = (g + l,h) in (161). Then Z i+1 — > Y\ is a morphism at p 2 . Let 
qi = h i+ i(p 2 ). There exist permissible parameters U\,v,wi at q\ defined by 

u = ui, w = Ui(wi + a). 

We have an expression 

Mi = x a 2 y\ 
v = x$y d 
Wl = z 2 

which is toroidal, so that /ij+i is prepared at p 2 , and 

Th i+1 (P2) = -oo < t/($ (p))- 

Suppose that (g + 1, h) < (a, b) and ^ a in (161). Then Zj+i — > Yi is a morphism 
at p2- Let qi = h i+ i(p 2 ). There exist permissible parameters ui,v,wi at q\ defined 

by 

U = UiWi, W — W\. 

We have an expression 

m =x a 2 - 9 - 1 y b 2~ h (z 2 + a)- 1 

v = x%y d 

wi = x 9 2 +1 y 2 (z 2 + a) 

which is toroidal after a change of variable in Oz i+1 , P2 , so that hi + i is prepared at 
p 2 , and 

Th i+1 (p2) = -oo < T/($ (p)). 

Suppose that (g + 1, h) < (a, b) and a = in (161). Then we are back in the form 
(144), with a decrease in (a — g) + (b — h). 
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Suppose that (144) and (146) hold. Then 



u = x%y\zl 

q h q+l 
W = X 2 y 2 Z 2 



Thus Z i+ i — ► Y\ is a morphism at p 2 . Let qi = h i+ i(p 2 ). There exist permissible 
parameters u\,v, w\ at qi defined by 



C(P) 



u = u\w\, w = w\. 
We have a 3-point mapping to a 3-point, and an expression 

a — q b—h a—q—1 

ui = x 2 y y 2 z 2 

v = x c 2 y^z c 2 

q h 9+1 

which is toroidal, so that /ij+i is prepared at p 2 , and 

Th i+1 {P2) = -oo < r/($ (p))- 

We have thus verified A and B for all hi. 

Suppose that p e Zi is in the locus E, where XcOzi is not locally principal. Define 

a - b if (141) holds at p 

ak - c + bk - d if (142) holds at p 

a — d if (143) holds at p 

a- g + b-h if (144) holds at p. 

Let 

C(Z l ) = max{C(p) | p E Ej}. 
We have shown in the above analysis that 

< C(Z i+1 ) < C{Zi) 

if the rational map hi is not a morphism. Thus there exists a finite n such that 
fi = h n , $i = $o o Ai o ■ • • o A n , X\ = Z n satisfy 1 - 4 of the conclusions of Lemma 
8.4. 

We now prove 5. If p £ f^ 1 (q), then we have permissible parameters x,y,z for 
u, v, w in Ox, P such that there is one of the forms: 
p a 1-point 

u = x a , v = y, w = g(x, y) +x n (z + (3) (162) 

or p a 2-point 

u = (x a y h ) k , v = z,w = h(x a y b , z) + x c y d . (163) 

We further have that u = v = are local equations of C. 

Since qi is a 1-point, at q\ we have permissible parameters u\,vi, w± defined by 

u = ui , v = ui (vi + a), w = w\ 

for some a G k. Since C\ is a section over C, there exists a series \(v\,w) such that 
Mi = A(«i,wi) = are local equations of C\ (in Oy 1 ,q 1 ), and 

k[[u, w, w]]/ (u, v) -> k[[ui, ty]]/(tti, A) 

is an isomorphism, which implies that A = (ui — (j){w)) r ) where is a series and 7 is 
a unit series in Oy 1 , qi - Set 

U\ = Ui,V\ = v\ — <j){w). 
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ui,v\,w are permissible parameters at qi, and ui = Ui = are local equations of C\ 
at q\. 

Suppose that p\ G First suppose that p = <J>i(pi) has the form (162). 

Then Ox t , Pl has regular parameters x\,y\,z\ with x — x\,y — #1(2/1 + a), since 
Xo — > X is an isomorphism over p. pi is a 1-point, and substituting into (162), we 
have 

u x = xl,vi =y 1 ,w = g(x\,xl(yi + a)) +x"(z + /3) 

and thus ui , vi are toroidal forms at p\ . 

Now suppose that p — $i(pi) has the form (163). 
Let 

p' = Ai o---oA n (p) el,,. 
There exist regular parameters x\,yi, z\ in O^i , P ' such that 

x = x\y\,y = x\yi,z = Zl (164) 

or 

x = ^(y! + a) F , y - a;f(?/i + a) 5 , z = z x (165) 
with / a 6 k. If (164) holds, then we have 

u = (x a 1 'y b 1 ') k 

v = Zl (166) 
w =h{xiy(,z) + xiy{ 

with O^aGk. 

If (165) holds, then we have ^ a' 6 k and permissible parameters xi,y 1 ,z\ in 
Ox 1 , P ' such that 

u = xl' k 

v =zi (167) 
w = h(xi',zi) + x b i{y 1 + a'). 

Suppose that a form (166) holds at p' . Then Ox 1:Pl has regular parameters 
X2,Jj2,z 2 with 

Xi =x 2 ,yi =2/2,zi = A k y b 2 k (z 2 + a), 
pi is a 2-point, and substituting into (166), we have 

ui = {x a 2 y b 2 ) k , Vl = z 2 ,w = h{x a 2 y b 2 ,x a 2 k y b 2 k {z 2 + a)) +x(y 2 V . 

Thus u\ , v\ are toroidal forms at pi . 

Suppose that a form (167) holds at p' . Then Ox upi has regular parameters 
x 2 ,y2,z 2 with 

X\ = x 2 ,y 1 = 2/2, zi = x 2 k (z 2 + a). 
Pi is a 1-point, and substituting into (167), we have 

ui = xi k ,v x = z 2 ,w = h(xi ,xi k {z 2 + a)) +x c 2 y% . 

Thus Mi , v\ are toroidal forms at pi . 

We now prove 6. We may assume that Tf 1 (p') — Tf(p). There exists a smallest i 
such that X\ — > Z i+ i is an isomorphism at p 1 . Let P2 be the image of p' in Z i+ i. Let 
p be the image of P2 in Z . 



STRONG TOROIDALIZATION OF DOMINANT MORPHISMS OF 3-FOLDS 



69 



If Zq —> X is not an isomorphism at p, then p is a 2-point, and we have permissible 
parameters x, y, z at p such that 

u = (x a y b ) k 

v =z (168) 

w =J2u>o a n zl ( xa y b Y + xe y f > 

where gcd(a, b) — 1 and the sum is over i such that (ia,ib) ^ (e, /). Since we are 
assuming w is good at p for /, we have an = if k divides i. 

Since Zq — > X is a sequence of blow ups of 2-curves above p, we have regular 
parameters xi,yi,z in Ox ,p such that 

x = x\y\y = x\y\ (169) 

with ad — bc = ±1, (and gcd(aa + 6c, a6 + fed) = 1) or 

x = xf (ft + a) fc , y = sffo + a) d 

where a, c G N, 6, d G Q, ^ a e k are such that 

x a y b = xT +z \ x e y f = xf +zf {y l + a). (170) 

If cither (169) or (170) holds, we see from substitution into (168) that w is good 
at p for / o <3> . 

Since q is a 1-point, f = \I>7/ o / o $ is not a morphism at p. Let p\ be the image 
of pi in Zj. At pi we have an expression (141) or (142). 

First suppose that (141) holds at p\. Since w is good at p for / o $ , we have 
fty = if a divides i. 

Suppose that (141) holds and at p 2 and there is an expression (148). 

Suppose that i + aj G aZ for some i. Then i G aZ, and since w is good at p for 
/ o <!>q, we have that = 0. Thus w is good at p 2 for hi+i (and w is good at p' for 

A)- 

Suppose that (141) holds and at p 2 there is an expression (149). 

If w is not good at P2 for hj+i, there exists ^ with « + (6 + l)j < n and 
i + (b + l)j e aZ + (b+ 1)Z. Thus i G aZ + (6 + 1)Z which implies that i is in the 
kernel of the surjective projection homomorphism 

[ ^2 iZ + aZ]/aZ] -> [ ^ «Z + aZ + (6 + l)Z]/[oZ + (6 + 1)Z]. 

thus 

= Tfc i+ i(P2) < r /o * (p) < r/(p), 

a contradiction. 

Suppose that (141) holds and at p 2 there is an expression (150). 
Suppose that w is not good at p 2 for ftj+i. Then there exists 7^ with 

(i + &.7,i + (fo+l).?) £ (n,n) 

and 

(i + bj, i + {b+ G (a - b, a - b - 1)Z + (6, b + 1)Z = (a, a)Z + (6, 6 + 1)Z, 

which implies that («, i) G (a, a)Z + (b, b + 1)Z. Thus i £ aZ, a contradiction, and we 
conclude that w is good at p 2 for h i+ i. 

Now suppose that (142) holds at p\. Since w is good at p for /o^g, we have a,; = 
if k divides i. 

Suppose that (142) holds and at p 2 there is an expression (152). Suppose that 
(i + lk)(a, b) ^ (e, /) and i + lk G fcZ. then i 6 fcZ, and since u> is good at p for /o<J> , 
we have that an = 0. Thus w is good at p 2 for ftf+i. 
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Suppose that (142) holds and at p2 there is an expression (153). Then by a similar 
calculation to the above, (154) is a strict inequality if w is not good at p2 for foj+i. 

Suppose that (142) holds and at P2 there is an expression (155). Then (156) is a 
strict inequality if w is not good at P2 for /ij+i- 

Suppose that (142) holds and p2 has an expression (158). The homomorphism 
(159) has a nontrivial kernel if w is not good at p2 for foj+i. 

In all of these cases, we have a contradiction to our assumption that r/ x (p r ) = Tf(p). 

□ 

Lemma 8.5. Suppose that f : X — > Y is pre-T -quasi-well prepared with relation 
R, q E Y — U{R) is a 2-point such that q 6 Gy(/,r), and u 7 v,w are permissible 
parameters at q. Then there exists a pre-T -quasi- well diagram 

X 1 ^ Yi 
$ I | * 

X Y 

such that $ and are products of blow ups of 2- curves, f\ is pre-T -quasi-well prepared, 
$ is an isomorphism over f^ 1 (Y — E(Y)), and if q\ E <I , ~ 1 (<7) (with permissible 
parameters U\,Vi,w), then if pi € f l {<l) is such that T/ X (pi) = t, then there exists 
a series 4> Pl {u\,vx) such that w — (f> Pl (ui,vi) is good at p\. 

Proof. Let u,v,w be permissible parameters at q. By Lemma 5.5 and Lemma 8.1, 
there exist sequences of blow ups of 2-curves *o : Y — > Y and $ : Xq — > X making 
a pre-r-quasi-well diagram 



x 


fo 


Y 


$0 I 






X 




Y 



such that if go S * (q) is a 2-point, then there are permissible parameters (u , v , wo) 
at q such that 

with ad — bc= ±1, and there are no points of the form 2 (b) or 2 (c) of Definition 3.6 
for f above go- 

We construct an infinite commutative diagram of morphisms 



1 


fn 


I 


x n 


Y n 


<&„ 1 




l* n 


*2 1 




1 *2 




h 


Yi 






1 *i 


X 


fo 


Y 



(171) 



as follows. Order the 2-curves of Yo which intersect \I/ 1 (q), and let "fi : Y\ — > Yq be 
the blow up of the 2-curve C of smallest order. Then construct (by Lemma 8.1) a 



STRONG TOROIDALIZATION OF DOMINANT MORPHISMS OF 3-FOLDS 



71 



pre-r-quasi-well diagram 

X 1 ^ Y 1 

*i I I *i (172) 

X Y 

where *i is a product of blow up of 2-curves and $1 is an isomorphism above f~ 1 (Y — 
C). Order the 2-curves of Y\ which intersect (^o ^l) -1 ^) so that the 2-curves 
contained in the exceptional divisor of have larger order than the order of the 
(strict transforms of the) 2-curves of Yq . 

Let ^2 : Yi —> Y\ be the blow up of the 2-curve C\ on Y\ of smallest order, and 
construct a pre-r-quasi-well diagram 

x 2 h Y 2 

$2 I I *2 

X x ^ Yi 

as in (172). We now iterate to construct (171). Let 

= *o o *i o • o : Y n -> Y, 
I„ = $ o$io-o$„:I„^I 
For all q n £ (q) there exist permissible parameters u ni v ni w at q n such that 

u = <K + a)\ v = u c n (v n + a) d 

with ad — bc^= and a£k. q n is a 2-point if a = 0, and a 1-point if a ^ 

Suppose that p n G ($„ o /«) (<?)• We will say that p n is good for q n = f n {Pn) 
if Tf n (p n ) < t or if Tf n {p n ) = t and there exists a series 4> Pn (u n ,v n ) such that 
w ~ 0p„ (un,v n ) is good for /„ at p n . 

We first observe that if p n is good for q n at p n +i G ^~+i(Pn)j then is good 
for q n +i- (This follows from 3 of Lemma 8.1). 

Let v be a zero-dimensional valuation of k(X) whose center on Y is g, and let p n 
be the center of v on X„, <?„ = f n (Pn)- 

We will show that there exists uq such that n > hq implies p n is good for q n . 

Once we have established this, it will follow from compactness of the Zariski- 
Ricmann manifold of X [Z] that there exists n' such that all p £ (^ n ' o /„') _1 (<7) are 
good for q' = f n >(p), so that the conclusions of the theorem hold. 

We may identify v with an extension of v to the quotient field of Oy. q which 
dominates Oy, q - 

If v{u) and v(v) are rationally dependent, then there exists n such that q no is a 
1-point, which implies that p no is good (by Remark 5.9), and thus p n is good for all 
n > no- 

So we may assume that v(u) and u(v) are rationally independent. We then have 
that 

u = u a n n v b n \v = u c n n v^ 

with a n d n — b n c n = ±1 for all n. We thus have (for n >> 0) that q n is a 2-point, and 
p n has one of the forms (173) or (174) below: 
p n is a 2-point 

U n = x n Vn 

v n = x n y d n (173) 
to = in + x e n y*,{z n + P) 
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with 

0, on e k, 



In = ^a.Mi, 



M; = x^v\ l and Mf* = u^'v[' 



'y x ' and M i ' — u 1 l v 1 

with ki,k, a E Z, ei > and Oj, 6j E N, or 
p„ is a 3-point 

u„ x n y n z n 

v n =x*yZz£ (174) 
tu = 7„ + TV 

with N = x% > y% n z%>, rank(u„ , v„ , N) = 3, 

In = ^2a t Mi, 

Oii E k, 

Mi = x^y^z? and M? 4 = w^w^ 

with fej, Zj, ei E Z, > and fflj, 6j, c, E N. 

Further, for n >> 0, either all points p n have the form (173) or all p n have the 
form (174). 

It is shown in the proof of Lemma 5.4 [C5] that if (174) holds, then for n >> 0, 
we have ki,k E N for all i, which implies there exists a good form for p n at q n . 
Essentially the same argument shows that the same statement holds if (173) holds for 
n»0. □ 

Lemma 8.6. Suppose that f : X — > Y is pre-r- quasi-well prepared ( or r-well prepared 
or T-very-well prepared) and q E U(R) is a 2-point (prepared of type 1 in Definition 
7.5). Then q is a permissible center for R, and there exists a pre-T -quasi-well prepared 
(or T-well prepared or T-very-well prepared) diagram (133) of R and the blow up 
* : Y\ — > Y of q such that: 

1. Q is an isomorphism over f^ 1 (Y — S(F)). 

2. Suppose that f is r-well prepared. Then 

(a) Let E be the exceptional divisor of $ . Suppose that q\ E U(Ri) C\E. Let 
7i = S-^i (qi) ■ E. Then ji is a prepared curve for R 1 of type 6. Suppose 
-l 



that q' E U(Rj) n E. Let 7i = S^i(q') ■ E. Then either 

(i) It = 7j or 

(ii) 7i, 7j intersect transversally at a 2 point on E (their tangent spaces 
have distinct directions at this point and are otherwise disjoint). 

(b) If j is a prepared curve on Y then the strict transform 0/7 is a prepared 
curve on Y\ . 

The proof of Lemma 8.6 is a straightforward generalization of Lemma 7.13 [C5]. 

Lemma 8.7. Suppose that f : X — > Y is pre-T -quasi-well prepared ( or T-well prepared 
or T-very-well prepared) with relation R. Suppose that q E Y is a 1-point or a 2-point 
such that q $ U{R) and q is prepared of type 2 of Definition 7.5 for R. Then q 
is a permissible center for R and there exists a pre-T -quasi-well prepared (or T-well 
prepared or T-very-well prepared) diagram (133) of R and the blow up ^ :Y\ Y of 
q such that: 

1. $ is an isomorphism over f^ 1 (Y — T,(Y)) 

2. Suppose that f is T-well prepared. If 7 is a prepared curve on Y then the 
strict transform of 7 is a prepared curve on Y\ . 
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The proof of Lemma 8.7 is a straight forward generalization of Lemma 7.14 [C5] 

Lemma 8.8. Suppose that f : X — > Y is pre-r-quasi-well prepared (or r-well pre- 
pared or t -very-well prepared), q G U(R) is a 1-point (which is prepared of type 4 of 
Definition 7.5). Then there exists a pre-T- quasi-well prepared (or T-well prepared or 
T-very-well prepared) diagram 

X 1 ^ Yi 

X ^ Y 

where ^ is the blow up of q such that 

1. $ is a sequence of blow ups of 2-curves over f^ 1 (Y — {q}). 

2. Let E be the exceptional divisor of Suppose that q\ G U{R i ) n E. Let 
7i = S-^i (qi) ■ E. Then % is a prepared curve for R 1 of type 6. Suppose that 

q' G U(r]) fl E. Let 7j = S-i (q') ■ E. Then either 

(a) 7» = Ij or 

(b) 7, , 7j intersect transversally at a 2 point on E ( their tangent spaces have 
distinct directions at this point and are otherwise disjoint). 

3. If j is a prepared curve on Y then the strict transform of 7 is a prepared curve 
on Y\. 

The proof of Lemma 8.8 is a variant of the proof of Lemma 7.13 [C5], keeping in 
mind the simpler forms 5 and 6 of Definition 5.1 of super parameters above a 1-point, 
and the simpler from (131) of 3 of Definition 7.3 at q. 

Lemma 8.9. Suppose that f : X — > Y is pre-r -quasi-well prepared, q G Y is a 1- 
point such that q U(R), and C G Dy is an integral curve such that q G C. Suppose 
that C satisfies 2 and 4 of Definition 7.4 of a resolving curve. Then there exists a 
pre-r -quasi-well prepared diagram 

X 1 ^ Yi 
X ^ Y 

such that 

1. Vl/i is a product of blow ups of 2-curves and 2-points, $1 is a product of possible 
blow ups, $1 is an isomorphism over f^ 1 (Y — S(Y)). 

2. Let C be the strict transform of C on Y\. Then C is a resolving curve for f\ 
and R 1 at q. 

Proof. There exists a sequence of blow ups of 2-curves ^1 : Y\ — > Y such that the 
strict transform C\ of C on Yi contains no 3-points. Let 





h 


Y 1 


$1 1 






X 




Y 



be the pre-r-quasi-well prepared diagram obtained by iterating the construction of 
Lemma 8.1. 

Now by Lemma 8.1 and Lemma 5.6 [C5], there exists a pre-r-quasi-well prepared 
diagram 



(175) 
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v t 2 
A 2 — > 


Y 2 




$2 1 




(177) 


X 1 ^ 


Y 1 





obtained by iterating the construction of Lemma 8.1 such that ^ 2 and ^2 are products 
of blow ups of 2-curves, and for all 2-points q on the strict transform C2 of C on I2, 
there exist super parameters u,v,w at q. 

Let ^3 : Y3 — > Y 2 be the blow up of the 2-points on C 2 . By Lemma 8.7, there 
exists a pre-r-quasi-well prepared diagram 

X 3 * Y 3 

$3 I I *3 (178) 

X 2 h Y 2 . 

By iterating the above construction, (and by embedded resolution of plane curve 
singularities, c.f. Section 3.4, Exercise 3.13 [C6]) we eventually construct a pre-r- 
quasi-well prepared diagram 

X' C Y> 
I I *' 

X ^ Y 

such that the strict transform C of C on Y' is nonsingular and makes SNCs with Dy ■ 
If q G C is a 2-point, let u, v, w be permissible parameters at q such that u = w = 
are local equations of C. 

By Lemma 8.1 and Lemma 5.6 [C5], there exists a pre-r-quasi-well prepared dia- 
gram 

f" 

x" — -> y 

X' C Y' 

such that 3 of Definition 7.4 holds for the strict transform of C on Y". Thus the 
conclusions of the lemma hold. □ 

Lemma 8.10. Suppose that f : X — > y is t -very-well prepared and C C Y is a 
prepared curve of type 6 (of Definition 7.6). Further suppose that qs G CDU(Rj) for 
some Rj associated to R implies C = E ■ S-^ (q$) for some component E of Dx- Then 
C is a " '-permissible center for R, and there exists a r-very-well prepared diagram 



x 1 


h 




$1 1 






X 




Y 



ofR of the form of (134). 

The proof of Lemma 8.10 is a straight forward generalization of Lemma 7.15 [C5] 

Remark 8.11. 1. Suppose that f : X — > Y is pre-r-quasi-well prepared and 
C C Dy is a nonsingular (integral) curve which makes SNCs with Dy and 
contains a 1 -point such that 

(a) q G C n U(Ri) for some pre-relation R4 associated to R implies the 
(formal) germ of C at q is contained in S^.(q), and 

(b) q G C — U(R) implies there exist super parameters u, v,w at q such that 
u — w~0 are local equations of C at q. 
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Then there exists a pre-T -quasi-well prepared diagram 

$1 j I *i 

X Y 

where \&i is the blow up of C . 
2. Further suppose that f : X — > Y is r-well prepared, and if 7 = E ■ Rk{q a ) is 
prepared for R of type 6, then either C = 7 or q G C fl 7 implies q G U (Rk) 
and the germ of C at q is contained in Sn k (q). Then there exists a r-well 
prepared diagram 

Xi 4 Yi 
$ j I * 

X ^ Y 

where VP is the blow up ^1 of C, possibly followed by blow ups of 2-points 
which are prepared for the transform of R (of type 2 of Definition 7.5) if C 
is prepared of type 6 for R, such that 

(a) 7/7 C Y is prepared for f, (and 7 ^ C) then the strict transform of 7 is 
prepared for f\ . 

(b) If C C Y is prepared for f (of type 6) and q G U(Ri) n C for some i, 
then E ■ S-^i(q') is prepared for fi (of type 6) for all q' G E fl U(R i ), 
where E is the component of Dy 1 dominating C. 

The proof of Remark 8.11 is a straight forward generalization of Lemma 7.15 [C5] 
and Remark 7.16 [C5] 

9. Construction of a t-very well prepared morphism 

Suppose that / : X — > Y is a dominant, proper morphism of nonsingular 3-folds, 
with toroidal structures Dy and Dx = f~ 1 {E>Y)- 

Theorem 9.1. Suppose that r > 0, / : X — > Y is r -prepared, q G Y is a 1-point or a 
2-point, and u,v,w are permissible parameters at q such that u,v are toroidal forms 
at p for all p G f^ 1 (q) and u,v G Oy. q . Then there exists an affine neighborhood V 
of q inY and a commutative diagram 

X, A Yi 

$1 I l*i (179) 

f-\V) U V 

such that u = v = are local equations of a nonsingular curve 70 in V, *i is a 
product of possible blow ups of 2-curves and resolving curves which are sections over 
70, $1 is a product of possible blow ups, f\ is r-prepared, Tf 1 (pi) < r/($i(pi)) for 
pi G Xi, and there exist permissible parameters u q >,v q >,w at all q' G 'I'] -1 ^) such 
that u, v are related to u q i , v q > birationally and u q > ,v q >,w are super parameters at q' . 

Proof. Let V be an affine neighborhood of q on which u, v, w are uniformizing param- 
eters and the intersection of the fundamental locus of / with the curve u = v = 
on V is {q}. Let W = and / = / | W. We have a smooth morphism 

7r : V — > So = spec(k[u, v]). Give the toroidal structure 

J uv = if q is a 2-point 
Sa \ u = if g is a 1-point. 
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Let q — TTo(q)- The morphism tt o / : W — > So is toroidal with respect to D,s an( i 
(^o ° f)~ 1 (Ds )- We construct a commutative diagram 



w n 


fn 


K 




7T n 


S n 










i 




A„ 


i 


*2 1 




*2 


1 




A 2 


1 


Wi 


7l 






— > 


Si 




*i 4 






i 




Ai 


1 


w 




V 




TO 


S . 





(180) 



Here Ai : Si — > So is the blow up of g, \&i is the blow up of 70 = ir^ (q), which is 
the curve with equations u = v = in V. If q is a 1-point then 70 is a resolving curve 
for / at q. <&i is the morphism of Lemma 8.1 (if q is a 2-point) or Lemma 8.4 (if q is 
a 1-point). 7Ti o f 1 : W\ — > S\ is toroidal. 

Suppose that q 1 G A^ 1 (q). Then Osi,^ nas regular parameters defined by 

u = u\,v = U\{v\ + a) (181) 

for some a G k, or 

u = t) = ui. (182) 

A2 : S 2 Si is the blow up of all points q t above q such that there exists a point 
qi in TT^ 1 (q 1 ) such that Ui,vi,w are not super parameters at qi. ^2 '■ V2 — > Vi is the 
blow up of the (disjoint) curves 71 = 7rf 1 (g 1 ), and <& 2 : W2 — > Wi is the morphism of 
Lemma 8.1 or Lemma 8.4. tt 2 o / 2 : W2 — > S 2 is toroidal. 

We continue in this way to construct (180) as long as f n : W n — > T4. does not 
satisfy the conclusions of the theorem. 

Suppose that the algorithm never ends. 

Let v be a 0-dimensional valuation of k(A') whose center on Y is q, and let p, be 
the center of 1/ on Wj, % the center of ^ on V^. Let ^ = Wi(qi). We may suppose 
that is not an isomorphism at the center of v for all i. There exist permissible 
parameters Ui,Vi,Wi at qi for all i such that Uj,^ are regular parameters in Os i .q i , 
obtained by iteration of (181) and (182), as determined by v. We will show that there 
exists jo such that Uj,Vj,w are super parameters at pj for all j > jo- If Ui,Vi,w are 
super parameters at pi for some i, we have that Uj,Vj,w are super parameters at pj 
for all j > i. Suppose that Ui,Vi,w are not super parameters at p, for all i. 

We may identify v with an extension of v to the quotient field of Ox, P which 
dominates Ox, P - 

There exist permissible parameters x i: yi, zi in C>Wi,pi such that we have one of the 
following forms: 

Pi a 1-point, qi (and q^ a 1-point 

u i = x a i i ,v i =y i (183) 

or pi a 2-point, (and q^) a 1-point 

u i = (x?y?) k ,v i = z i (184) 
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Pi a 1-point, qi (and qi) a 2-point 

Ui=x^ i ,Vi = x i i (y i + a i ) (185) 
with ^ «i or p, a 2-point, (and a 2-point 

u i =x?y b i \v i =x c i i yf* (186) 
Pi a 2-point, qi (and a 2-point 

m - (atf*^)* 1 ,^ = WvW'izi + Oi) (187) 
with a; ^ or ft a 3-point, (and a 2-point 

u i = x?y?z?,v i =x**y?z{ t (188) 

Suppose that / £ Os ,q- Then (by embedded resolution of plane curve singularities, 
c.f. Section 3.4, Exercise 3.13 [C6]) there exists an n such that uvf — is a SNC 
divisor in Os n ,q for all n > uq. 

We further have that if g £ 0w/ P is a fractional series in u and v, then 5 £ Ow„,p„ 
is a fractional series in u n and u„. 

First suppose that % is a 2-point for all Then and v(y) are rationally 

independent, and we have that (186) or (188) hold for all i. 

We either have that pi is a 3-point for all i (and a form (188) holds for all i) or 
some pi is a 2-point, and thus (186) holds for all i sufficiently large. 

li Pi is a 3-point for all i, it follows from Lemma 5.6 [C5] that Ui,Vi,w are super 
parameters at pi for i >> 0, a contradiction. 

Suppose that pi is a 2-point for some i. We may then assume that pi is a 2-point 
for all i, and (186) holds for all i. 

We have an expression 

u = x a y b 

c d 

v = x c y a 

w = fi(x,y) +x l y m z 
in Ow,p- There exists n £ N and a, b £ Z such that 

x n = u V, y n = uV. 
v(u s v b ) = v(x n ) > 0, v(u~v d ) = v(y n ) > imply that for i >> 0, 

with ai,bi,Ci, di £ N. 
We have 



w =Mx,y) + (x?y?y(x?y?) m z. 

"a n ,b\ — / ,c, d\ 



/1 (*,») = /1 ((« V) » , (u V) » ) = 51 (u ? , «?• ) £ k[K" ,vr}}. 
Let u> £ k be a primitive n-th of unity. Set 

n 

TT - - 

Recall that for i > n , fuv = is a SNC divisor in Os^q^ Since g 4 is a 2-point for 
all i, 

/™ = <«i 7 
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where 7 is a unit series in Os u q - As gi \ f in Owi,pn we have that Ui,Vi,w are super 
parameters at pi. 

The final case is when qi is a 1-point for some i. 

Suppose that qi is a 1-point for some i. Without loss of generality, we may assume 
that qi = q and pi = p. 

If p is a 1-point (and q is a 1-point), we have permissible parameters x, y, z in Ow,p 
such that 

u = x a ,v = y, w = ,fi(x,y) +x r z 

of the form (183). 
Set 

a 

/ = n/i(w < «-,«)Gk[[u,t;]] 

i=l 

where ui G k is a primitive a-th root of unity. 

If p is a 2-point (and q is a 1-point), we have permissible parameters x,y,z G Ovf,p 
such that 

u = (x a y») k ,v = z,w = h(x a y\ z) + x c y d 
of the form (184). Set 

a 

/ = ft/i «) ek[[u,«]] 

where w G k is a primitive fc-th root of unity. 

Recall that fuv = is a SNC divisor in Os^q. for i > n . 

We will now show that if i > n and ^ is a 2-point, then Ui 7 v i7 w are super 
parameters at <7^. In these cases Tji is a 2-point, UiVi — is a local equation of ZV; and 
u = is a local equation of D^. Thus fuv = u^v^j, where m, n > and 7 G Osi,q 
is a unit series. Since /1 | / in Oxi, Pi , and /1 is a fractional series in Ui and we 
have the desired conclusion. 

We have reduced to the case where is a 1-point for all i. 

Since fuv = is a SNC divisor for i > n , the only cases where Ui,Vi,w are not 
super parameters at are if Ui, Vi satisfy (183) at pi, and 

Ui = Xi,Vi =y u w = xf(y l - (j)(xi)) r -f(xi,yi) + x°(zi + a) (189) 

where 7 is a unit series, a G k, or pi satisfies (184), and 

Ui - {x^f^ = Zl ,w = {x a l y\Y{z 1 - ^(xfy^W^xfyl z t ) + x^yf 

(190) 

where gcd(a, b) = 1, ord 4> > and 7 is a unit series. 

We consider the case when (190) holds at pi. The case (189) is similar. 

By the constructions of Lemma 8.1 and Lemma 8.4, we have a factorization of 
Wj+i — > Wj, by monoidal transforms 

= Z m -5 Z m _i — > • • • — ? Zi — > Zo = Wi 

Let dj be the center of v on Zj. We may assume that each morphism Zi — > is 
not an isomorphism at the center of v. 

If aj < m, we have permissible parameters Xij,ytj, Zij in Ozj, aj such that dj is a 
2-point and 

m ={xt j y b ij )\ 

— e i fi 

v i — z ij x ijVij ; 

w = {x^Yizi^yli - ^(x^yt J ) k Yl(xt J yt J ,z lJ x^y{;) + x^ (191) 
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with (e,,/i) < (ak,bk). 

After possibly interchanging Xij and yij , we have that e, < afc and there are regular 
parameters Xij+i, Uij+i, z ilj+ i in 6 Z]+1 ,a j+1 defined by 

= Xij+i,Zij = Xij + i(zij + i + a). (192) 

or 

x^ Xij+i Zi j+i , Zij Zi j+i. (193) 
Suppose that (192) holds. Then 



u i — { x i,j+lVi,j+l) 

v i = i z i,j+i + <x)xVj+iVij+i 

w = {Xij+iytj + i) s [Xi^ + + 1 y{; j+1 {zi, j+1 + a)- <j>((xl j+1 ylj +1 ) k )] r 
l(xl j+1 yl 3+1 ,x e ^ + + \y f ^ +1 (z lJ+1 + a)) + xl j+1 yf J+1 . 



(194) 



Suppose that O^a, (ej + 1, fi) < (ak, bk) and afi — b(e.i + 1) ^ in (194). Then 
the rational map Zj+\ —> V^+i is a morphism near a,j+i = Pi+i- 

We make a change of variables, to get permissible parameters x,y,z £ Ow i+1 ,p i+1 
and ^ (i £ k such that 

= t = *S;i ei+1) »5;(;(^j+i + = ^-(-^y^ 

= = + aO^j+i^j+i = ^ e,+ V l 

it) = (3S°5 6 )»[jS e '+V - 0((^ a |/ b ) fe )] r 7(5 :a |' h ^ e,+ V') +2 c 5 d (2 + /?) 

and Ui+i, fj+i, w are super parameters at Pi+i- 

Suppose that (192) holds, ^ a, (e* + 1,/i) < (ak,bk) and (ej + 1,/i) = ti(a,b) 
for some integer tj. Then we make a change of variable to get permissible parameters 
x,y,z£ Ow i+ i,pi+i sucn that 

=^ = (3fV)*- t< 
Vi+i = {x a y b ) u (z + a) 

w = (x a y b ) s (z + a)%[{x a y b ) ti (a + z) - (j){{x a y b ) k {z + a))] r 
1 {x a y b {z + a)i, {x a y b ) u ){z + a)) + x c y d 

= (x a tr +ur (z +a)Ha+z- y 

j(x a y b {z + a)i, {x a y b ) u (z + aj) + x c y d 

as U < k, and Uj+i, Uj+i, w are thus super parameters at Pi+i- 

Suppose that (192) holds, and (ej + 1,/i) = (ak,bk). Then the rational map 
Zj + i — > V^+i is a morphism near dj+i = Pi+i, and the 1-point qt + \ has permissible 
parameters defined by 

Ui = u i+ \ , Vi = u l+ i (vi+i + a). 
Substituting into (194), we see that 

Ui+i = {xl j+1 y b iJ+1 ) k 
Vi+i = z it j + i 

w - \ X i,j+lVi,j+l) [Zt^ + l+a (x» j+1 i/^ +1 )* J 1 + x i,j+lVi,j+l- 

Thus are super parameters at Pi+i, or we have a form (190), with 

(c - as, d - bs) > (c - (a(s + kr),d- b(s + kr)). (195) 
In fact, (c — (a(s + kr), d — b(s + kr)) must decrease from (c — as, d — bs) by at least 
(1,1)- 
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If we have (192) with (e, + 1, fi) < (ak, bk) with a = 0, then (194) is back in the 
form (191) (with a decrease in (ak — ej) + (bk — fi). 

Suppose that (193) holds. The rational map Zj + \ — > Vi + \ is a morphism near 
dj+i = Pi+i, and the 2-point has permissible parameters defined by Ui = 

Ui+iVi+i,Vi — Vi+i. Substituting into (191), we have 

_ ak-a bk-fi ak-a-l 

— x iJ+l 

_ e 4 /i ei + 1 

— x i j +1 y i ,j +1 z i j +1 

w = ( X ij + iyij + l Z tj+lY( X iJ+iyi'j+l Z Lj + l ~ ^((^iJ+lJ/iJ+l^j+l) )) r 7 

+ x i,j+iyi,j+i z tj+i b k 

J 'i,3 + l4'i,j+l Z i,3 + l 

Thus t>»+i, w are super parameters at the 3-point Pi+i. 

We thus have that Ui,Vi,w are super parameters at pi for i >> unless each pj 
has a form (190), and by (195) we eventually get 

(c- as,d- bs) < (0,0). 

We thus have that w — x^yfj where 7 is a unit series. Thus m,Vi,w are super 
parameters at pi. 

We have shown that for any 0-dimensional valuation v of k(X) whose center is q 
on Y, there exists j\ such that Uj,Vj,w are super parameters at pj for j > j\. By 
compactness of the Zariski Riemann manifold [Z], it follows that the sequence (180) 
must terminate after a finite number of steps, in W n — ► satisfying the conclusions 
of the theorem. 

□ 

Theorem 9.2. Suppose that r > 0, / : X — ► Y is pre-r -quasi-well prepared (or r-well 
prepared) with relation R, and C <ZY is a reduced (but possibly not irreducible) curve 
consisting of components of the fundamental locus of f which contain a 1-point ofY. 
Then there exist sequences of possible blow ups $1 : X\ — > X and ^1 : Y\ — ► Y such 
that there is a commutative diagram 



(196) 





h 


Y x 


$1 1 






X 




Y 



satisfying 
1. 



T fl (Pl) < Tf($l(pi)) 

for pi £ D Xl ■ 

2. fi is pre-r -quasi-well prepared with respect to a relation R 1 . 

3. $r 1 (r(i?))nGx 1 (/i,r) CTOR 1 ). 

4. If f is r-quasi-well prepared (r-well prepared) then (196) is a r-quasi-well 
prepared (r-well prepared) diagram. 

5. The strict transform C of C on Y\ is nonsingular and makes SNCs with Dy 1 ■ 

6. If Cj is an irreducible component of C and q £ U(R i ) for some R i associated 
to R 1 is such that q £ Cj then the germ of Cj at q is contained in S^i (q) . 
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7. If f is t -well prepared, Cj is an irreducible component of C , E is a component 
of Dy 1 , q a € U {R\) n E , and 7 = E ■ R\{q a ) is prepared for R l of type 6 (of 

Definition 7.6), then either Cj = 7 or q G Cj fl 7 implies q G U{R k ) (and 
thus the germ of Cj at q is contained in Sn k (q) by 5). 

8. The components Cj of C are permissible centers (or *-permissible centers if 
f is r-well prepared and Cj is prepared of type 6) for R . 

9. ipi is a sequence of blow ups of prepared 1-points, prepared 2-points, 2-curves 
and resolving curves. 

There is a pre-T -quasi-well prepared (or r-well prepared) diagram 

X 2 h Y 2 

X l ^ Y l 

where ^2 is the blow up of C, possibly followed by blow ups of 2-points which are 
prepared of type 2 of Definition 7.5 for the transform of R if f is r-well prepared, and 
C contains a component which is prepared of type 6 for R. 

Proof. Let {qi, . . . ,q m } be the 1-points of C which are not contained in U(R), and 
for which there do not exist super parameters u,v,w G Oy q such that u = w = are 
local equations of C at q. This set is finite by Lemma 5.11. 

Step 1. Let 71 be a general curve through q\ on Dy . 

If q G 71 is a 1-point, then there exist permissible parameters u,v,w G Oy q , 
such that u,v have a toroidal form at p for all p G f~ x {q), u = v = are local 
equations of 71 at q, and either u, v, w are toroidal forms at p for all p G f^ 1 (q), or 
u = w = is a local equation of C at q. This follows from (the proof of) Lemma 3.7 
since 71 intersects the fundamental locus of / transversally at general points of one 
dimensional components of the fundamental locus. 

Since 71 is a general curve through q\, (71 — {qi}) (iGy (/, r) C 6(/, Y) by Remark 
5.16. Suppose that q G (71 — {qi}) n (Gy(/,r) - U(R)). 

Since q is perfect for / and by Lemma 5.10, there exist locally closed subsets 
Vi, . . . ,V n of X which are a partition of Gx(f, t) fl f^ 1 {q) and series 

<t>i(u,v), . . . ,4> n {u,v) 

such that u,v,Wi = w — 4>i are super parameters for / at q and Wi is weakly good at p 
for p G Vi. Here u, v, w G Oy. q are permissible parameters at the 1-point q such that 
u, v have a toroidal form at p, u = v = are local equations of 71 at q, and u = w = 
are local equations of C at q. 

If p G f^ 1 {q) is a 1-point and r/(p) > 0, then Wi = is supported on Dx at p, 
since u,v,Wi are super parameters at q. 

By blowing up 2-curves above X, by a map $1 : X\ — > X, with induced map 
/1 = / o : Xi — > y, and substitution of local forms of <I>i in (67), we obtain that 
Wi = is supported on Dx % at pi for all p\ G /f" (g) such that r/j (pi) > 0. u, v, w p 
are super parameters for /1 at g. 

By Lemma 5.3 and Remark 8.2, there exist locally closed subsets Vi, . . . , V n of X\ 
which are a partition of Gx x (fi, T ) H f\ (q) such that 

1. u,v,Wi = w — 4>i{u, v) are super parameters for /1 at g 

2. is weakly good at p for p G Vi 

3. = is supported on Dx x at p for p G if r > 0. 
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Suppose that r > 0. Then there exists a relation to?' — u ai Aj = for p G Vi n £>x x , 
where A, is a unit on Vi, ei,di G N, e, > 1 and gcd(ei,ai) = 1. Since u,v,Wi are 
super parameters at the 1-point q, we see from (66) and (67) that there exists A' g ek 
such that Ai(p) = X q for p G T^. 

Suppose that r = 0. Then = is a monomial form at p for p G Vi by Remark 
5.8. 

We may now define relations R q ^ for /i by T(R q ,i) — Vi, U (R q .i) = {q}, and define 

R q .i(p) for P G r (-Rg,») b y #9,* = w ? ^ A g u<ls if r > and b y R g,i = w i if r = °- 

We extend the transform i? 1 of i? on Xi by adding in the new relations R q i for all 
q G (71 — {?}) n (Gy(/,r) — U(R)). fi : X\ — > y is then prc-r-quasi-well prepared 
for i? 1 . We have that 

(7i-{gi})nG y (/i,r) c^i? 1 ). 

By Lemma 8.6 and Lemma 8.8, and since for g G 71 fl [/ (i?| ), the germ of 71 at q 
is not contained in S R i (q) for any relation R\ associated to R 1 (71 is general) , there 
exists a pre-r-quasi-well prepared (r-well prepared) diagram 

X 2 h Y 2 
$2 I I * 2 

such that ^2 is a product of blow ups of prepared 1-points of type 4 (of Definition 
7.5) and prepared 2-points of type 1 (of Definition 7.5) such that the strict transform 
7i of 71 on Y2 satisfies 1,2 and 4 of Definition 7.4 of a resolving curve for f 2 at q\. 
Further, if q G is a 2-point, we have that Tf 2 (p) < r for p G f 2 {q)- By Lemma 
5.6 [C5] and Remark 8.3 there exists a pre-r-quasi-well prepared (r-well prepared) 
diagram 

X 3 h Y 3 

$3 I i *3 

x 2 £ y 2 

where $3 is a product of blow ups of 2-curves and 3-points and ^3 is a product of 
blow ups of 2-curves such that if q G 7^ is a 2-point, where 75 s is the strict transform 
of 71 on Y3, then there exist super parameters u, v, w for / 3 at q such that w = w = 
are local equations of at q. Thus 75* is a resolving curve for / 3 at q. 
Let 

x 4 £ y 4 

$4 I I *4 

be the pre-r-quasi-well prepared (T-well prepared) diagram of Lemma 8.4 where ^4 
is the blow up of 7^. The strict transform C 4 of C on y 4 intersects ^ 7 1 (<Zi ) in a 
2-point. y 4 — > Y is an isomorphism over a neighborhood of {q 2 , • • • , Qw}- 

Step 2. 

Iterate the construction of Step 1 for the points q 2 , ■ ■ ■ ,q m - We obtain a commu- 
tative diagram 

X L Y 
# J. I * 

x y 
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such that / is pre-r-quasi-well prepared (r-well prepared) with respect to a relation 
R, and if C is the strict transform of (7 on F, and if q e C — U{R) is a 1-point, then 
there exist super parameters u,v,w at q such that u — w = are local equations of 
C at q. 

Step 3. By Lemma 5.6 [C5] and Remark 8.3, there exists a pre-r-quasi-well prepared 
(r-well prepared) diagram 

X -L Y 

where $i is a product of blow ups of 2-curves and 3-points, and <i?i is a product of 
blow ups of 2-curves such that if C\ is the strict transform of C on li, and q € C\ 
is a 2-point not in U(R±), then there exist super parameters u,v,w at q, so that q is 
prepared of type 2 of Definition 7.5. Let 



x 2 


h 


Y 2 


$2 1 




1 *2 


x x 


h 





be the pre-r-quasi-well prepared (r-well prepared) diagram obtained by blowing up 
the 2-points on Ci - UiR 1 ) (by Lemma 8.7). 

Step 4. By embedded resolution of plane curve singularities (c.f. Section 3.4 and 
Exercise 3.13 [C6]), we can iterate Step 3 to construct a pre-T-quasi-well prepared 
(r-well prepared) diagram 

X 3 % Y 3 

$3 I I *3 

x 2 h % 

such that if C3 is the strict transform of C on Y 3 and q G C3 — U(R 3 ) is a 2-point, 
then there exist super parameters u, v, w at q such that u = w = are local equations 
ofC 3 . 

Step 5. By embedded resolution of plane curve singularities (c.f. Section 3.4 and 
Exercise 3.13 [C6]), Lemma 8.1 (for 3-points in C3), Lemma 8.6 and Lemma 8.8, there 
exists a pre-r-quasi-well prepared (r-well prepared) diagram 

l 4 h % 

$4 i I *4 

^3 ^ ^3 

such that the strict transform C4 of C on Y4 satisfies the hypotheses of 1 of Remark 
8.11. 



Step 6. If / is t- well-prepared, then we must perform a final sequence of blowups. 
Assume that / (and thus f±) is r-well prepared (for the transform R A of R). Let 

qeC A such that q £ 7 and q £ U{R A ) 1 
where 7 is a curve which is prepared of type 6 for R A . J 



= { 
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S is a finite set of points which are prepared of type 2 of Definition 7.5 (by 5 b) of 
Definition 7.6). 

By Lemma 8.7, and embedded resolution of plane curve singularities, we can con- 
struct a r-well prepared diagram 

X 5 % % 

*5 1 1*8 

x, h % 

such that the hypotheses of 2 of Remark 8.11 hold, and thus the conclusions of the 
theorem hold. 

□ 

Theorem 9.3. Suppose that f : X — > Y is pre-T -quasi-well-prepared (t -well prepared) 
with relation R and R' is a restriction of R with U(R') — Gy(/,r) — Q(f,Y). Then 
there exists a pre-T -quasi-well prepared (r-well prepared) diagram of R 



x 1 


h 


Y 1 


$1 1 




1 *i 


X 


Y 



such that $i, vl/i are products of blow ups of possible centers and f\ is r-quasi-well 
prepared (r-well prepared) with respect to the transform (R 1 )' of R! . Further, there 
exists a finite set of points Ct = {qi, . . . , q r } C Y such that f\ is toroidal on f^ 1 (Y\ — 
and vl/i o hiTdR 1 )')) C U(R'). 

Proof. Let C C Y be the union of the one dimensional components in the fundamental 
locus of / which contain a 1-point. By Lemma 5.12, there exists a Zariski open 
subset Y of Y such that Y n Gy(f, t) = ©(/, Y), Y contains a generic point of each 
component of C, and there exists a commutative diagram 





fn 


Y n 






i*„ 




/n-1 


Y n -i 


*n-l 1 




1 * n -l 


1 




1 


Xi 


7i 


Fi 


$1 1 




l*i 



/ \Y) = X ^ Y 

where f n is toroidal, each \I> i is the blow up of a nonsingular curve 7, (in the fun- 
damental locus of /j_i) dominating a component of C, and $i is a sequence of blow 
ups of nonsingular curves dominating 7$. Further, we can choose Y so that f n is 
r-quasi-well prepared (r-well prepared) for the transform of the restriction of R to Y. 

We have that q G (C - 6(/, Y)) n Gy(f, t) implies g e ?7(i2'). 

We apply Theorem 9.2 to C. We construct a pre-r-quasi-well prepared (r-well 
prepared) diagram of R. Let R 1 be the transform of R on Xi, and let (R 1 )' be the 
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transform of B! on X\ (which is a restriction of R 1 ). Let the diagram be 



x 1 


h 




*1 1 




l*i 


X 


Y, 



which, after possibly replacing Y with a proper open subset of Y, restricts to 

_X X ^4 Y L 
*i j l*i 
X ^ Y 

over F and such that G Yl (/i,r) C ^((i? 1 )') U ^(/^(©(Z, We iterate this 

construction for the Zariski closure of 7$ in Y; tl using Theorem 9.2 if 7, contains a 
1-point, and Lemma 8.1 if 7, is a 2-curve, for 2 < i < n, to achieve the conclusions of 
the theorem. □ 

Theorem 9.4. Suppose that f : X — > Y~ is r-prepared. Then there exists a commu- 
tative diagram 

X X h Yy 
* I I * 

x r 

smc/i iftarf $ and * are products of possible blow ups, and there exists a relation R 1 
for fi such that f\ is r-quasi-well prepared with relation R . 

Proof. We will give an inductive construction. The set Gy(f, r) — 0(/, Y) is finite 
by Remark 5.16. Suppose that there exists a relation R on X such that ft = U(R) C 
G y {J,t) - 6(/, Y). (Initially = 0). Let A(Y) = Gy(/,r) - 9(/,F) - 0. 

Remark 5.9, Lemma 8.5 and Lemma 8.1 imply there exists a pre- r-quasi-well pre- 
pared diagram (for R) 









*i I 




|*i 







obtained by blowing up 2-curves such that if gi G *j 1 (A(F)), then there exist alge- 
braic permissible parameters u\,v\,w\ at qx such that if p\ G A" (31) H Gx 1 (fi,r), 
then there exist good parameters Mi, t>i, w\ — <p Pl (ux, i>i) at p\ for /1. 

We have * 1 " 1 (6(/,F)) n G Yl (/i,r) C 6 (A, Yi). Let i? 1 be the transform of R 
on X\. We restrict i? 1 by removing from U{R 1 ) the points of 6(A>^i); so that 
f7(i? x ) n 6(A, Y-x) = 0. Let fi x = ^(i? 1 ), a finite set of points (by Remark 5.16). We 
also have that a general point of each curve contained in Gy 1 (A J T ) is in 6(A,Yi)> 
since A 1S r-prepared. Let 

A(Yx) = G Yl (fx,r) - G(fx,Yx) - Oi C *r 1 (A(F)). 
A(Yi) is a finite set of points. By Lemma 5.10, and our construction of A, f° r each 
q G A(Yi), we can associate algebraic permissible parameters 

u q ,v q ,w q (197) 

atq, locally closed subsets Ax , . . . ,A n ^ of f 1 ~ 1 (q)nGx 1 (fx, T ) such that {Ax, . . . ,A n ^} 
is a partition of / 1 " 1 (q) H Gx 1 (Aj t )j an d permissible parameters 

Mg, «g, = 10 5 - <^i(Ug, Vg) 
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at q for 1 < i < n(q) such that for p\ G Ai, w q i is good at p\ for f\. We can assume 
that u q = v q = are local equations of a general curve through q on Dy if q is a 
1-point (by Bertini's Theorem and Remark 5.9). 

Now fix q G A(Yi). By Theorem 9.1, applied to u q ,v q ,w q i for 1 < i < n(q), there 
exists an affine neighborhood V q of q and a commutative diagram 

X X Y 

¥| 1* ( 198 ) 

fr\v g ) - v, 

satisfying the conclusions of Theorem 9.1 for all w q i. If g G "J" 1 (q), then there 
exist u, v G ? such that u, v, Wi are permissible parameters at q, w, IT, are super 
parameters at q for all i, and by 3 of Lemma 8.1 and 5 of Lemma 8.4, for 

Wi is good at p. 

Observe that we can modify the construction of (179) in Theorem 9.1, by a diagram 
(180), by performing an arbitrary sequence of blow ups of 2-curves above each Vi and 
Wi before constructing Vi + \ and Wj+i. 

Suppose that our fixed q G A(Yi) is 1-point. Recall that we have chosen u q , v q , w q i 
so that u q = v q = are local equations of a general curve C on D Yl through q, so that 
C makes SNCs with D Yl , C intersects 2-curves of Yj at general points, and C — {q} 
intersects the fundamental locus 7 of /1 transversally at general points of irreducible 
1-dimensional components of 7. Thus we have GVi(/i,t) H (C — {q}) C 0(/i, Yi) 
and C intersects ©(/1, Y\) transversally at general points of curves in Gy 1 r). For 
q G Gy x (fi, T ) n (C — {q}), there exist algebraic permissible parameters 

Uq, Vq, Wq 

at the 1-point q such that Uq = v-q = are local equations of C, and since q is perfect 
for /, there exist series 4>i(uq, Vq) G k[[uq, Vq]] such that Uq, Vq, w-qi = Wq — ^i are super 
parameters at q for all i, and for p G /{" (q), some lo^j is weakly good at p. 

Now by Lemma 5.10, for q G Gy 1 (fi,T) n (C — {q}), there exist locally closed 
subsets Vi C Xi for 1 < i < n(q) such that fi (q) H Gxi(/i,t) is the disjoint union 
of Vi, . . . , and for peV„ u>gi is weakly good for /! at p. 

By Lemma 5.3 and Remark 8.2, there exists a sequence of blow ups of 2-curves 
$ : X — > Xi with induced pre-r-quasi-well prepared morphism / = / o $ : X —> Y\ 
such that for all q G Gy ± (fi, T ) n (C — {q}), if p G / _1 (5), then for all i, u^-, u,, are 
super parameters at p and if r^-(p) > 0, then w-qi = is a local equation of a divisor 

supported on Z)^. at p. Further, if p G <l _1 (Vi) fl G^.(/,t), then w^j is weakly good 
for / at p. 

We define new primitive relations i?i f for the finitely many 

q G G Yl (/, r) fl (C - {q}) C G n (/i,r) n (C - {q}) 

and 1 < i < n(g). 

Let tf(i^) - M, T(4 ii ) = $"i(Vi) nG^/.r). 
Suppose that r > 0. 

If p G Vi is a 1-point, then we have an expression 

Uq = X a , Vq = y, Wqi = X C -f 

where x,y,z are regular parameters inC> J -. p ,7GC>^ p isa unit series and a /c. Let 
d = gcd(a, c) < a, e = ^ > 1 and c = ^. 
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We define R\^{p) = w ^ ~ 7(0, 0, 0) e u£. 

If p £ Vi is a 2-point, then we have an expression 

Ug = ( X a y b ) k ,Vq = Z,Wgi = (zV)S 

where x, y, z are regular parameters in O x , 7 G O x p is a un it series and k jfl. Let 
d = gcd(k, I) < k, e = § > 1 and c = l T We define R\/p) = w ^ - 7(0, 0, 0) e u|. 

Suppose that r = 0. We then define J?i ^(p) by the relation = for p £ Vi (by 
Remark 5.8). 

We extend the transform i? 1 of R 1 on X to include the primitive relations i for 
q E Gy x {f, t) n (C — {q}) which we have just defined. Observe that we now have 

(C-{g})nGy 1 (/,r)c[/( J R 1 ). 

By embedded resolution of plane curve singularities (c.f. Section 3.4 and Exercise 
3.13 [C6]), and Lemmas 8.6 and 8.8, there exists a pre-r-quasi-well prepared diagram 

X L Y 
# J. I * 

X L Y x 

such that $ is a sequence of blow ups of prepared 1-points and 2-points (of types 
4 and 1 of Definition 7.5) such that if C is the strict transform of C on Y, then 
C(lGy(f, t) = {q} (since the germ of C at q £ Gy x (/1, r) (~l (C — {q}) is not contained 
in the surface germ Wqi = for any i). Thus C satisfies 1 and 2 of Definition 7.4 of a 
resolving curve. 4 of the definition holds since /1 is r-prepared and C intersects the 
fundamental curve of Y\ transversally at general points. 

By Lemma 5.6 [C5] and Lemma 8.1, there exists a pre-r-quasi-well prepared dia- 
gram 

x 2 h Y 2 

$2 i I *2 

X -L Y 

where ^2 and $2 are products of blow ups of 2-curves such that the strict transform 
C 2 of C satisfies 3 of Definition 7.4. Observe that \& o $ 2 is an isomorphism over q, 
and X 2 — > X\ is a sequence of blow ups of 2-curves over fi 1 (q) Thus C 2 is a resolving 
curve for / 2 at q. 

We may identify q with a point of Y 2 . Let $' : X 2 — > A"i be our morphism 
$' = $ o $ o $ 2 . Let ij = ($') _1 (^) n Gx 2 (f 2 ,r) for 1 < i < n(g). We have that 
u g , v q ,w q i are permissible parameters at g such that w q i is good for / 2 at all p e A, 
(by Remark 8.2). 

After possibly replacing the neighborhood V q of q in (198) with a smaller neigh- 
borhood of q, we may identify Vg with a neighborhood of q in Y 2 . 
Let 



v / 2 
A 2 — > 


*2 


$2 1 


1 *2 


A 2 — > 


^2 



be the pre-r-quasi-well prepared diagram of the conclusions of Lemma 8.4, where 
^2 is the blow up of C 2 . 
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As (/i o $') 1 (V q ) — ► / x 1 (V r g ) is a sequence of blow ups of 2-curves, as commented 
after the construction of (198), we can assume that if we restrict the diagram 

X 2 -> Y 2 

that we have constructed to V^, we obtain the diagram 

W 1 -> V 1 

/r 1 (v ? ) = w - y = y 9 

of (180) constructed in the proof of Theorem 9.1. 

Now suppose that our fixed q G A(Yi) is a 2-point. Then, by Lemma 8.1 we 
construct a r-quasi-well prepared diagram for R 1 and the blow up ^" of C 

where $" is a sequence of blow ups of 2-curves. 
We can assume that if we restrict the diagram 

X 2 - Y 2 
I I 



to V q , we obtain the diagram 



X l -> Y l 



W x -> Vi_ 



/r 1 (v r ,) = w - v = y 9 

of (180) constructed in the proof of Theorem 9.1. 

Let R 2 be our relation on X 2 . We have (by Remark 8.2) 

(tf'T^etfi.yij-c) ce(/ 2 ,y 2 ). 

We restrict i? 2 if necessary, so that [/(i? 2 ) n 6(/ 2 , Y 2 ) = 0- Let fi 2 = U(R 2 ) 

With the notation of the proof of Theorem 9.1, let C 2 be the Zariski closure of 71, 
the curve blown up in V2 — > V\, in F 2 . C 2 is a section over C. Either C 2 is a 2-curve 
or C 2 contains a 1-point. 

Suppose that C 2 contains a 1-point. Then qi — ( 1 i'")^ 1 (q) n C 2 is a 1-point. 

In this case, by 4 of the conclusions of Lemma 8.4, at all 1-points q 1 G C 2 , there 
exist permissible parameters U\,vi,w such that u\ = v\ = are local equations of C 2 
at g 1; and u\,v\ are toroidal forms at all p G .f^T 1 (<7i ) • Thus C 2 satisfies 2 and 4 of 
Definition 7.4 of a resolving curve for / 2 at qi. 

We can apply Lemma 8.9 to construct a pre-r-quasi-well prepared diagram 

X 3 h Y 3 
I I (199) 

x 2 h Y 2 

satisfying the conclusions of Lemma 8.9, so that the strict transform of C 2 is a re- 
solving curve for / 3 at q\. 

The vertical arrows of (199) are products of blow ups of 2-curves above V q . 
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Let 

A 4 -» Y 4 

$4 I I *4 

X 3 - ^3 

be the pre-T-quasi-well prepared diagram of the conclusions of Lemma 8.4, where "J 4 
is the blow up of the strict transform of C2 ■ 

Suppose that C2 is a 2-curve. Then we construct (from Lemma 8.1) 

X 4 - Y 4 
I I (200) 

X2 — ► y"2 

as a T-quasi-well prepared diagram for R 2 and the blow ups of C2 . 

As commented after the construction of (198), we may assume that the diagram 
(200) restricts to the diagram 

W 2 -> V 2 

I I 
Wi -> Vi 

of (180) above V q . 

Since (180) is finite, after finitely many iterations, we achieve a pre-T-quasi-well 
prepared diagram 

A 5 * Y 5 

$5 4 I *5 

*i -» Y 1 

which restricts to the diagram (198) above V q , ^5 is an isomorphism over A(Yi) — {q} 
and $5 is a sequence of blow ups of 2-curves over A(Yi) — {g}. 

By Lemma 5.3, and Remark 8.2, 3 of Lemma 8.1 and 5 of Lemma 8.4, there exists a 
sequence of blow ups of 2-curves 3>6 : A 6 — > A 5 such that /6 : A 6 — > I5 is prc-r-quasi- 
well prepared, and (with the notation introduced with (198)), there exist algebraic 
permissible parameters u q , v qi w q G £Vi, 9 and tUgj = w q — <fii(u q , v q ) such that for q in 
the finite set 

S - (* 8 o^)- 1 ^) nGy 5 (/ 6 ,r) - 6(/ 6 ,F 5 ), 
we have algebraic permissible parameters «g, Vq, w q at g, and series 

l>i{Uq-,V q ) = 4>i(u q ,V q ) 

such that Uq, Vq, w q i — w q — 4>i(u q , Vq) are super parameters for all i, and for 

peV qi = .f & \q) n ($5 o ^r 1 ^) n G X6 (fe,r), 
w q i — w q — (u q , Vq) is good for / 6 at p, and = is supported on D Xe at p if 

T > 0. 

We define new primitive relations i for q G £ and 1 < i < n(q). 
LetU(Rl.) = {q},T(Kl.) = Vq i . 
Suppose that r > 0. 

If p G V^i is a 1-point, then we have an expression 

u f = x a , Vq = y, w qi = x c -f 

where x,y, z are regular parameters in Ox 6 , P , 7 G (9a" 6jP is a unit series and a jfc. 
Let 

a' = a > 1 c = ° 

gcd(a, c) ' gcd(a, c) ' 

Wc define J2« .(p) = ^ - 7 (0, 0, 0) Q 'u£. 
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If p £ Vi is a 2-point, then we have an expression 

u 1 ={x a y b ) k ,^=z,w- qi = {x a y b ) l 1 

where x,y,z are regular parameters in Ox 6 , P , 7 € Ox 6 , P is a unit series and k jf I. 
Let 

k' = k > 1, Z' = - 

gcd(fc, Z) ' gcd(/c, I) " 

We define J2« .(p) = - 7 (0, 0, 0) fe 'uf 

Suppose that r = 0. We then define B^^p) — w ql . By Remark 5.8, Wgj is a 
monomial form at p. 

We can extend the transform R 6 of i? 5 on Xq to include these new primitive 
relations i?| • . 

We now restrict i? 6 to remove the points of 6(/6,5 / 5) from U(R 6 ). We have a 
natural identification 

a(y 6 ) - Gy B (/ 6) r) - e(/ 6 ,y 5 ) - t/(i? 6 ) 

with A(Yi) — {o}, by our construction, and since Y 6 — ► y is an isomorphism over 
A(n)-{ 9 }. 

By induction on |A(Yi)|, we may iterate the above procedure to construct a com- 
mutative diagram 

x 7 4 y 
I I 

x -» y 

such that /7 is pre-r-quasi-well prepared with U(R 7 ) = GY 7 {h, r) — ®{fi, Yj). 
Now by Theorem 9.3 there exists a pre-r-quasi-well diagram for R 7 

x 8 4 y 8 

I l 
x 7 — > y 7 

such that /s is r-quasi-well prepared for the transform of R 7 . □ 

Lemma 9.5. Suppose that r > 0, f : X — > y is r-quasi-well prepared with relation 
R. Further suppose there exists a r-quasi-well prepared diagram for R 

X -L y 

$ i I * (201) 

x ^ y 

w/iere .R is i/ie transform of R on X, such that if qi E U (R) is on a component E 
of Dy such that ^f(E) is not a point, then T(R) n f~ 1 (qi) = 0- Then there exists a 
commutative diagram 



x 1 


/l 


y 






I* 






y 



smc/i iftai * are products of blow ups of possible centers, and f\ is r-quasi-well 
prepared with relation R 1 and pre-algebraic structure. Further, R 1 is algebraic. (R 1 
will in general not be the transform of R.) 



STRONG TOROIDALIZATION OF DOMINANT MORPHISMS OF 3-FOLDS 



01 



Proof. Given a diagram (201), we will define a new relation R' on X for /. This 
is accomplished as follows. We have that | U{R) — <d(f,Y) |< oo by Remark 5.16. 
Suppose that q x G U{R) - 9(/, Y) is such that / _1 (gi) DT(R) ^ 0. Let 

j qi = {i\T(R i )nf- 1 ( qi )^<b}. 

Let q = For j G J gi , let 

" = u H J ( g ). v = w H < (,).«'i= ™W 

Let 

ui = u-~-, . , vi = v-~-, s ,Wj i — w-=-, s . 

Since ^ is a composition of admissible blow ups for the transforms of the pre-relations 
Ri on Y, by the description of admissible blow ups (118) - (120) following Definition 
6.2, we have in Oy 1 , q , one of the following relations: qi a 2-point 

u = UiVi, v = u°Vi, wj = Uiv[wj,i (202) 

with ad — be = ±1, or q\ a 1-point, 

u = u\, v = u\v\, Wj = ulwj.i (203) 

or qi a 1-point 

u = «i7i(wi>fi))« = u\^2{ui,vi),Wj = Ui73(tti,wi)i0j,i (204) 
where 71,72,73 are unit series and 71,72,73 £ C?Yi,g or Qi a 2-point 

u= {u^) t j 1 (u 1 ,v 1 ),v 1 = (uiUi) fc 7 2 (ui,wi), = uf 73(^1, ^i)™j,i 

(205) 

where 71,72,73 are unit series, and 71,72,73 G Oy^,, a, 6 > 0. 

By assumption, if qi is on a component E of we must have ^S(E) is a point. 
Thus in (202) we have a,b,c,d,e, f all nonzero. If (203) holds, we have c, e > 0. In 
(204) we have a,b,c> 0. In (205) we have t, fc, e, / > 0. 

Suppose that Pl G T(^) n and r > 0. Let p = <l(pi) G T(^). On Xi, 

= is a divisor supported on Djj at p\. In (202), (204), (205) we see that u = 
is a local equation of Dx x at pi, and v = is a local equation of fl^i at pi. In (203), 
we have that u = is a local equation of -Dj^ at pi, Wj = is a local equation of 
Dx x at pi , and v = is a local equation of a divisor that contains Dx 1 at pi . Thus 
in all cases, there exists a natural number r such that Wj divides u r and v r in O x pi . 

Define 

( max{2r 2 , e, /} if (202) or (205) holds 
V = v(Qi) = { max{2r 2 , 5} if (204) holds 
{ max{2r 2 ,g} if (203) holds 

where the maximum is over pi G T(Rj) O ./" 1 (qi ) - 

Fix j G J qi . There exists a(u,v,Wj) G k[[«, v, Wj]] — Oy. q such that the order of 
the series a is greater than 77 and Wj + a G Oy, q - Let 

w* = Wj + a(u, v, Wj). 
For pi G T(Rj) n / _1 (gi), we have 

w * = w jlpiJ 
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where j Pl j £ Ox 1 ,p 1 is a unit series. If (202) holds at gi, set 



«c _ ^ + .w<.ys.,) e ^ n k(y) _ 

(206) 



since wi,t>i G Oy (this is part of the definition of a pre- r-quasi- well prepared 
morphism) . 

We further have 

w qi,j = w iMpi,r 
There is a similar argument if (203), (204) or (205) holds. 

For k € J gi , there exists Xj k (u,v) G k[[u, u]] such that w k = Wj + Xj k (u,v). Write 

Xjk (u, v) = a k (u, v) + h k (u, v) 

where a k (u, v) is a polynomial, and h k (u, v) is a series of order greater than r\. Set 

w* k = Wj + <j(u,v,w.j) + X jk (u,v) - h k (u,v) G Oy.q- 

w* k = w k + a(u,v,w k - X jk (u,v)) - h k (u,v) 
= w k + a k (u,v,w k ) 

where ~d k is a series of order greater than rj. 
Suppose that (202) holds at q\. Set 



W qi,k 



i v i 



From (202) we see that ui,vi,w git k are permissible parameters at q\ and 

w k = ulv{w qu k, 
so that w giik G Oy . We further have that 



w gi ,k = Wfc,i7 P ifc ( 207 ) 



for some unit series j Plk G . 
We have that for k G J qi , 



a k {u\v\,ulv^,ulv{w kt i) 
w guk = w k ,i H ~ (208) 



u\v\ 
with 

&k 



We further have 



w* k -w* X jk (u,v) - h k {u,v) 
w guk -w guj = r j± = — G k((ui,wi))nk[[Mi,t>i,w ij i]] = k[[wi,wi]]. 

u\v[ u\v[ 

There is a similar argument if (203), (204) or (205) holds. In these cases (206) 
becomes: 



W j W j W 3 

u\v{ 



,,e ' «J c < iu - t 

respectively. 

In all these cases, an equation (207) holds. 
In case (203), a variant of equation (208) holds. 
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Suppose that (205) holds and k E J qi . Then there exist series <7 k (u,v,w k ) such 
that ord a k > f] and such that 

w% = w k + a k (u,v,w k ). 

Thus 

a k ((ufvf) t 'yi (m, -ui), {u\vf) k ^ 2 {u 1 , Vi), u\v{ 73 (m, vi)w jA ) 

u\v{ (209) 



with 



E O v 



/ c ~Y, qi ■ 
u\v[ 

There is a similar expression if (204) holds. 

Now suppose that r — 0. We make the same argument as the t > case if Wj.i 
satisfies a form of Definition 3.4 with a ^ 0. A similar, but slightly different argument 
is required if Wji satisfies 1, 2 or 5 of Definition 3.4, with a = 0. 

We now define the new relation R' on X for /. Set T(R') = T(R) - /- 1 (6(/, Y)), 
U(R') = f(T(R)) - S(f,Y). U(R') is a finite set by Remark 5.16. For qi E U(R'), 
we define primitive relations R qi , k as follows. Set U(R qi . k ) — {qi}, T(R qi _ k ) = 

T(R k )nf- 1 ( qi ). 

For pi E T(R qiik ) define 



u R ql ,k(pi) ~ u R k ( Pl )' v R ql ,k(pi) - v R k ( Pl )' w R gl ,k(pi) ~ w qi,k- 
If r > and qi is a 2-point (from 207), we define R qi , k {pi) by 

a R n ,M = ^(pO.Kl^pi) = b R k (pi)^ e R qi ,M = e kM) 

and 

If t = 0, and qi is a 2-point, we define 

aR qi ,M = b Rgi ,M = 00. 
If q\ is a 1-point, we define R qi , k (pi) in an analogous way. 

From the above calculations, we see that / : X — > Y with the relation R! satisfies 
1 - 3 of the conditions of Definition 7.1 of a pre- r-quasi- well prepared morphism. 

Recall that all exponents are positive in (202) - (205), and thus in (208) and (209). 
Thus we can choose a possibly larger f](qi) so that ord(afc) is sufficiently large in (208) 
and (209) that R 1 satisfies 4 of the conditions of Definition 7.1 (as well as 1 - 3). Thus 
/ is pre-r-quasi-well prepared with respect to R' . 

For qi E U(R qi . k ), let Q(R quk ) be an affine neighborhood of qi on the surface with 
local equation w qi . k = at qt, such that 

1. fl(R q ^ k ) is nonsingular and makes SNCs with Dy. 

2. n(R qi [ k )nu(R>) = { qi } 

We now restrict R' so that U(R') = Gy(/,r) — Q(f,Y), f is pre-r-quasi-well 
prepared with relation R' and R' is algebraic. 

By Theorem 9.3 there exists a pre-r-quasi-well prepared diagram for R! 

X' C Y' 
X -> Y 
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such that /' is r-quasi-well prepared for the transform R' of R' . By our construction, 
R' has pre-algebraic structure. Further, R' is algebraic. Thus the conclusions of 
Lemma 9.5 hold. □ 

Remark 9.6. Suppose that f : X — > Y is r-quasi-well prepared and q G U{Ri) is a 
1-point. Let 

u = u R i ( q y v = v R i { q y w i = m R i ( q y 

Then f is not toroidal above q if and only if q is contained in the fundamental locus 
off- 

Suppose that f is not toroidal above q. Then the germ of the fundamental locus of 
f at q is a nonsingular (algebraic) curve, and u = Wi = are (formal) local equations 
of the fundamental locus of f at q. 

Proof. Suppose that / is not toroidal above q. u, v, Wi are super parameters at p for 
all p G From consideration of the local forms 5 and 6 of Definition 5.1 of 

super parameters at a 1-point q, we see that u = Wi = are local equations of (a 
formal branch of) the fundamental locus of / at q. Since the fundamental locus of / 
is algebraic, we obtain the conclusions of the remark. □ 

Theorem 9.7. Suppose that r > 0, f : X — > Y is r-quasi-well prepared with relation 
R. Then there exists a r-quasi-well prepared diagram 

X -L Y 
<f> I j * 

X Y 

where R is the transform of R on X such that if q\ G U (R) is on a component E of 
Dy such that &(E) is not a point, then T(R) n = 0- 

Proof. Step 1. Let Ao be the set of 2-points q G Y such that q G U (Ri) for some Ri 
associated to R and f~ 1 {q) H T(Ri) ^ 0. A is a finite set since / is r-prepared. 
For q G A D U(Ri), set 

U = U R i ( q y V = V R i ( q )> W i = w R i ( q y ( 21 °) 
Let ^i : Y\ — > Y be the blowup of all q G Ao, and let 

Xi ^ Yi 

X ^ Y 

be a r-quasi-well prepared diagram of R and Such a diagram exits by Lemma 
8.6. Suppose that q £ Aq(1 U(Ri) and q\ G ^^(q) is a 1-point lying on a component 
E of Dy 1 and fi 1 {qi) C\T(R i ) ^ 0. Then q\ has regular parameters iti,i;i, io»,i with 

u = u\, v = U\(v\ + a),Wi = uiWi^i 

with 7^ a G k, which implies that E has local equation u\ = 0, so that S S\{E) is a 
point. 

Let A\ be the set of all 2-points q\ G Y\ such that for some i, qi G U(R i ), 
fi 1 (Qi) ^ T(R\) ^ and q\ is on a component E of Dy 1 such that ^i(E) is not a 
point. We have Ai C ^^ 1 (A ). Let * 2 : Y 2 -» Fi be the blowup of all q>i G Ax, and 
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let (by Lemma 8.6) 



x 2 


h 


Y 2 


$2 1 




1*2 




h 


Y 1 



be a r-quasi-well prepared diagram of R 1 and ^2- Continue in this way to construct 
(for arbitrary n) a sequence of n blow ups of sets of 2-points "J/fc+i : Yfc+i — > Yk for 
< k < n — 1 with r-quasi-well prepared diagrams 

v fk+l v 

A-fe+i — > Jfc+1 

$fc+l I I *fc+l 

of _R fc and ^fc+i. We have a resulting T-quasi-well prepared diagram of R 



Y In v 

y ^ n ' 1 n 

$| I* (211) 

X Y. 

Suppose that q n e Y n is a 2-point such that g„ is on a component E of fly„ such 
that V(E) is not a point, and q n e ), f- 1 {q n )r\T{R2) ^ for some i. We have 

permissible parameters 

at g n such that for 'J'(qVi) = g and with notation of (210), 



u — U\ 
V = U^Vl 

Wi = u^Wis 



(213) 



or 



U — U\V{ 

v =vi 

Wi =v?w it i. 

Suppose that p e T(Ri) n f~ 1 (q) is a 1-point. First suppose that r > 0. There 
are permissible parameters x, y, z at p and ^ a 6 k, where 7 £ Ox, P is a unit, such 
that we have 

u = x a , w = x b (a + y),w = x c j. 

From the construction of (211) and the algorithm of Lemma 8.6, we have that $ is 
an isomorphism at points of <E> _1 (p) fl fn 1 (q n )- Thus for n > max{^, ^}, / r 7 1 (<7«) n 
$- 1 (p) = ®. 

Suppose that r = (and p G T{Ri) n ,f^ 1 (q) is a 1-point). Then there exist 
permissible parameters x, y, z at p, /3 £ k, and O^aek such that 

u = x a , v = x b (a + y),w = x c (/3 + z). 

If [3 ^ 0, then $ is an isomorphism at points of $ _1 (p) n f^ 1 {q n ). For n > 
max{f , £}, we have f-\q n ) D $" 1 (p) - 0. 

If /3 = 0, then $ is a product of blow ups of sections over the curve x = z = at 
points of fn 1 (qn), and in this case also, $ _1 (p) n fn 1 (q n ) = for n > max{|, £}. 
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Suppose that p £ T(Ri) n / 1 (q) is a 2-point. First suppose that t > 0. There are 
permissible parameters x, y, z at p and O^aek such that we have one of the forms 

u = (x a y b ) k ,v = {x a y b )\a + z), w t = (*V ) Z 7 , (214) 

where ^ a £ k, gcd(a, b) = 1, 7 £ is a unit, 

or we have 

u = x a y b , v = x c y d , Wi = x e y f ~/ (215) 

where ad — be 7^ 0, 7 G Ojf.p is a unit. 

Suppose that (214) holds. From the construction of (211) and the algorithm of 
Lemma 8.6, we have that $ is a sequence of blow ups of 2-curves at points of (p) n 
fnHqn), so that for n > max{f , £}, j"" 1 ^) H $ _1 (p) = 0, 

Suppose that (215) holds. If f- l {q n ) n $ _1 (p) n T(i?f ) 7^ for all n, we will show 
that, after possibly interchanging u,v and x,y, (215) must be 

u = x a ,v = x c y d 1 w i = x e y f -f, (216) 

with d, f > 0, and (213) holds. 
We see this as follows. 

Suppose that p n e ,/ I 7 1 ('?™) H T(i2?) and $(p„) = p. 

Let 1/ be a valuation of k(X) whose center on X„ is p n . We identify v with 
an extension of v to the quotient field of Ox„, Pn which dominates Ox n , P „- In has 
permissible parameters (212). After possibly interchanging u and v, we have a relation 
(213), so that u(v) > nu{u), and v(wi) > nv{u). We can reindex x,y,z so that 
< v(x) < v(y). Then 

(c + d — nb)v{y) > (d — nb)v{y) + (c — na)v{x) > 0, 

and 

(e + / - nb)v(y) > (/ - n6)z/(y) + (e - na)v(x) > 0. (217) 

Thus if b 7^ 0, and n > c + d, we have a contradiction. 

Taking n > c + d for all c, d in local forms (215) for 2-points p G T(R), we achieve 
that 6 = in all local forms (215) which are the images of 2-points p n £ T(R n ) which 
map to a point q n of Y n which is on a component E of Dy n such that ^f(E) is not a 
point, d > since ad — be 7^ 0. 

We have / > if n » 0. In fact, if / = in (215), we then have e > 0, and for 
n > |, we have a contradiction to (217). 

Suppose that r = (and p £ T(Ri) n f~ 1 (q) is a 2-point). Then there exist 
permissible parameters x, y, z at p and O^aGk such that we have one of the forms: 

u = (x a y b ) k ,v = {x a y b ) t {a + z), w t = x c y d (218) 

with 7^ a £ k, ad — be 7^ 0, gcd(a, 6) = 1, or we have 

u = x a y b 1 v = x c y d ,w l =x e y f ((3 + z) (219) 

with ad - be 7^ 0, /3 £ k. 

Suppose that (218) holds. From the construction of (211), we have that $ is a 
sequence of blow ups of 2-curves at points of ^ 1 (p) n ,fn 1 (q n ), so that for n > 
max{|,|}, /- 1 (9n)n$- 1 (p) = 0. 

Suppose that (219) holds. If /3 7^ 0, the analysis of (215) shows that if fn 1 (qn) H 
<f> -1 (p) nT(i?™) 7^ for all n, then after possibly interchanging u, v and interchanging 
x, y (219) has the form (216), with 7 = (i + z, d, f > and (213) holds. 

Suppose that = (in (219)), and Z" 1 ^) n n T(i??) 7^ for all n. After 

possibly interchanging m and v, we may assume that (213) holds. Let v be a valuation 
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of k(X) whose center on X n is p n . We identify v with an extension of v to the quotient 
field of Ox n , Pn which dominates Ox n , Pn ■ Then we see that 

u{v) > nv{u) and v{wi) > nv{u) (220) 

for all n. 

Thus for n sufficiently large, after possibly interchanging x and y, (219) must be 

u = x a ,v = x c y d ,Wi=x e y f z (221) 

with d > 0. 

We will now show that we can take n sufficiently large that / > in (221). 
Suppose that / = in (221). Then we have 

v{y) > nv{x) and v(z) > nv(x) (222) 

for all n. 

In the algorithm of Lemma 8.6 (explicitly worked out in Lemma 7.13 [C5]), we see 
that $i : X\ — > X can be factored by morphisms 

X\ = Z m — > • • • — > Z 2 — > Z\ — > X 

where Z\ —* X is a sequence of blow ups of 2-curves and 3-points, and each — ► Z, 
is the blow up of a possible curve containing a 1-point, which is in the locus where 
IqOzi is not invertible. 

By (222), we see that there exist permissible parameters X\,yi, z\ at the center pi 
of v on Z\ such that 

x = xuy = x{y 1 ,z = z 1 . 

We have 

~a ~c+qd~d ~e~ 

u = x 1 , v = x 1 yi , Wi = x z\ 

with a < c + gc?, since from the construction of Z\ — > Xi, we have that (it, 
is invertible. 

If e > a, then X g (!?Zi,pi i s invertible, and Xi — > Zi is an isomorphism above pi. 
Then at pi G Xi, there are permissible parameters zi such that 

-a ~c+qd — a ~d ~e — a~ 

If e — a = 0, we have that /1 is toroidal at p\ (so that t/ x (pi) = —00). 

If e < a, we have that X\ — » Zi is not an isomorphism above pi. Without loss of 
generality, we may assume that each Z i+ i — > is not an isomorphism at the center 
of i/. 

We have that x\ = z\ — are (formal) local equations at p\ of the curve blown up 
in Z 2 Zi. 

Let P2 be the center of zv on Z2. By (222), we have that there are permissible 
parameters £2,2/2, 22 at P2 such that x\ — X2, yi — §2, z\ — X2Z2- 
We have 

U = X2,V = X2 +9d y2,Wi = X2 +1 Z2- 

We see that in X\ = Z m , there are regular parameters x\,y\, z\ such that 

u R\ {qi ) = ^ v R\{ qi) = *\ +9d ~ a yt w R\ {qi) = ^2- 

thus /1 is toroidal at pi. 

Iterating this analysis for the morphisms • • • , we see that for n » 0, /„ 
is toroidal at p n . In fact, if we take n > - in (211), we see that f^iln) H T(Rf) n 
$" 1 (p) = 0- 
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We can thus take n sufficiently large so that / > in all local forms (221), which 
are the images of 2-points p n G T{R n ) which map to a point q n of Y n which is on a 
component E of Dy n such that *f>(E) is not a point. 

Suppose that p G X is a 3-point such that p G T(Ri) n f~ 1 {q)- Then there are 
permissible parameters x, y, z for u, v, Wi at p such that 

u = x a y b z c 

v = x d y e z f (223) 
Wi = x 9 y h z l -f 

where 7 is a unit series. 

We will show that we can choose n sufficiently large in the diagram (211), so that 
if p n G X n is a 3-point such that p n G <I> _1 (p) fl T(Rf) and q n = f n {p n ) is on a 
component E of Dy n such that ty(E) is not a point, then (223) must have one of the 
following forms (after possibly interchanging u, v and x, y, z): 

u — x a y h 

v = x d y e z f (224) 
Wi — x 9 y h z l -f 

where b ^ 0, / ^ 0, i ^ and (213) holds, or 

u = x a 

v = x d y e z f (225) 
Wi = x 9 y h z t ~f 

with e and / 7^ 0, h or i 7^ and (213) holds. 
We will now prove this statement. 

Let v be any valuation of k(X) which has center p n on X n . We identify v with an 
extension of v to the quotient field of Ox n ,p n which dominates Ox n ,p n - 
q n has permissible parameters (212). 

After possibly interchanging u and v, we have a relation (213), so that i/(v) > 
nu(u). We can reindex x, y, z so that 

< v{x) < v(y) < v(z). 

Then 

(/ + e + d — nc)v{z) > (/ — nc)v{z) + (e — nb)v{y) + (d — na)v(x) > 0. 

If c 7^ 0, and n > f + e + d, we have a contradiction. Thus taking n > / + e + for 
all d, e, / in local forms (223) for 3-points p G T(R), we achieve that c = in all local 
forms (223) which are the images of 3-points p n G T(R n ) which map to a point q n of 
Y n which is on a component E of Dy n such that ^/(E) is not a point. 
If i = (and c = 0) in (223) we have 

(h + g — nb)v(y) > (h — nb)v{y) + (g — na)v{x) > 

so that if b 7^ and n > h + g we have a contradiction. Thus, by taking n 3> in 
(211), we see that if b 7^ 0, then a form (224) must hold at p (since uv — is a local 
equation of Dx at p implies / 7^ 0). If = c = in (223), then a similar calculation 
shows that a form (225) must hold at p (for n>0). 

We observe that in (224) we have 

{z)nd Y , q = {v, Wi ). (226) 
Suppose that (225) holds. If i 7^ then 



(z)nd Y , q = {v,wi). 



(227) 
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If ft ^ 0, then 

(y)n6Y, q = (v,Wi). (228) 
Suppose that (216) or (221) hold. Then 

(y)nd Y , q = (v, Wi ). (229) 

We will show that in (224), v = Wi = is a formal branch of an algebraic curve C 
in the fundamental locus of / : X — > Y. Let R = Oy, q , S = Ox, P - 

Since p is a 3-point, there exist regular parameters x,y,~z in Ox.p and units 
Ai, A2, A3 £ Ox, P such that x = x\i, y = 1/A2, z = zX^. 

z — is a local equation for a component of Dx ■ We have that v £ (z) n R and 
u £" (z) fl R so that (z) (~l R — (v) or (z) D R — a where a is a height two prime 
containing v. We have (zS) fl R = (v, Wi). Suppose that (z) n R = (v). We then have 
an induced morphism 

R/(v) - S/{z) 

which is an inclusion by the Zariski Subspace Theorem (Theorem 10.14 [Ab3]). This 
is impossible, so that a is a height 2 prime in R, and defines a curve C, which is 
necessarily in the fundamental locus of / since z — is a local equation at p of a 
component of Dx which dominates C. A similar argument shows that in (225), (216) 
and (221), v = Wi = is a formal branch of an algebraic curve C in the fundamental 
locus of /. 



Step 2. Let C be the reduced curve in Y whose components are the curves in the 
fundamental locus of / which are not 2-curves. Let C be the reduced curve in Y n 
which is the strict transform of C. The components of C are then in the fundamental 
locus of /„. By Theorem 9.2, we can perform a sequence of blow ups of prepared 
1-points, prepared 2-points, 2-curves and resolving curves : Y' — > Y n so that we 
can construct a r-quasi-well prepared diagram of '5' and R n 

X 1 A Y' 

& I i ( 23 °) 

Xn y Y n 

where R 1 is the transform of R n on X' , such that the strict transform C of C on Y' is 
nonsingular, and makes SNCs with Dy> . If q' e U{R' i ) H C for some i then the germ 
at q 1 of C is contained in Sn> {q'), and the (disjoint) components of C are permissible 
centers for R' . 

Let ^(l) : Y(l) — > V be the blow up of C. By Theorem 9.2, we have a r-quasi-well 
prepared diagram of *(1) and R' 

X(l) f $ Y(l) 
*(!)! ; (231) 
X' C Y'. 
Let R(l) be the transform of R' on X(l). 

Suppose that q £ f/(-R) C Y is a 2-point. Suppose that q £ (^ o vl>')^ 1 (g) and 
(/ , ) _1 (9)nT(i2{)^0. Then g £A . 
Let 

u = t *fl(,)' w = w fl(,)> u, i = ,w fl,( g )- 
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We have (since q G Aq and \I/ o >]>' is a sequence of blow ups of points and 2-curves 
at q) one of the following forms (by (118) - (120): 

u = u a v b , v = u c v d , Wi = u l i m w t (232) 

with ad-bc = ±1 and I > if c> 0, to > if b > 0, or 

u = (u a v b ) t ^i(u,v),v = (u a v b ) k ~f 2 (u,v),w l = u e v f Wij 3 (u,v) (233) 

where 71, 72, 73 are unit series, a, b, t, k,e,f> 0, gcd(a, 6) = 1, or 

u = u a 7i (u, v) , v — u b ~/2 (u,v),Wi — u c Wi^f3 (u,v) (234) 

where 71, 72, 73 are unit series, a, b, c > 0. 

We have that ('J' o ty')(E) = q for all components E of Dy> containing q (which 
implies q C) unless q is a 2-point, and we have an expression 

u = u 

v = u c i (235) 



with c, I > or 



Wi = U l V m Wi 



u = uv b 

V = V 

Wi = U l V m Wi 



with 6, to > 0. 

Let q* = *'(<?). q* is a 2-point and / _1 (g*) n T{R' i ) ^ 0. After possibly inter- 
changing u and v we have that a form (213) holds at q, and thus by (226) - (229) that 
v = Wi = are local equations of a formal component of C at q. (235) thus holds at 
q, and since Vl/' is a sequence of blow ups of points and 2-curves at q, in = in (235). 
We thus have an expression 

u = u, v = u e v, Wi = u^Wi (236) 

for some e, / > 0. v = is a local equation of the strict transform of Dy at q, and 
v = Wi = are local equations of C at q since C is nonsingular. 

Suppose that q e (* o 4»' o ^(l))- 1 ^) and n T (^(!)) + 0- Lct 9 = 

then (/' )~ x {q) n T(i^) ^ 0. If q C (so that g = g) then we have seen 
that (\t o ^i'){E) = q for all components E of Z?y containing q. Suppose that q G C. 
Then an expression (236) holds at q. 

^(1) is the blow up of v = Wi = above q. Since q G £/(iij(l)), we must have 

U = U "R,(l)(q)' V = = V R i (l)(q) W R i (l)(q)- 

Substituting into (236), we have 

_ _ _ e _ / 

(237) 

with e, / > 1. 

Suppose that q G t^(-R) C Y is a 1-point. Then ^ is an isomorphism over q. 
Suppose that ge($o tf')" 1 ^) and (/') _1 (<7) n ^ 0- Lct 
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We have that u — Wi — are local equations of C since T(Ri) n f~ 1 (q) ^ 0, by 
Remark 9.6. Then vp' is either an isomorphism at q, or factors at q as the blow up of 
q, followed by a sequence of blow ups of 2-points and 2-curves. 

First suppose that W is not an isomorphism at q. We have one of the following 
forms (by (118) - (120): 

u = u a v b , v = u c v d , Wi = u l i m Wl (238) 
with ad-bc = ±1 and I > if c> 0, m > if b > 0, or 



u = {u a i b ) t -f 1 {u,i) 1 v = (u a v b ) k j 2 {u,v), w t = u e v f wa 3 (u,v) (239) 

where 71, 72, 73 are unit series, a, b, t, k,e, f > 0, gcd(a, b) = 1, or 

u = u a 7i(w, v), v = u b ~/2(u, v),Wi = u c Wi^{u, v) (240) 

where 71, 72, 73 are unit series, a, b, c > 0. 

We have that ty'(E) = q for all components E of Dy containing q, (which implies 
q£C) unless we have an expression 

u — uv b 

v =i (241) 

Wi = U l V m Wi 

with 6, m > 0. 

Since \t' is an isomorphism over a generic point of every component of C, we have 
that q is a 2-point and 



u = uv m , v = v,Wi = v n Wi (242) 

with m, n > 1. u = = are local equations of C at <?. 

Suppose that q e (* o *' o ^(l))- 1 ^) and D T(ifc(l)) ^ 0. Let q = 

*(1)(5). then (Z')" 1 ® n T(i^) ^ 0. li q £ C (so that g = g) then we have seen 
that (\t o ty')(E) = q for all components E of Dy containing q. Suppose that q e C. 
Then an expression (242) holds at q. Then q is a 2-point with 

M = U R i (l)(q)' V = ^(1)®'^ = ^(^(^^(l)®' 

and thus 

(243) 

with m,n> 1. 

Now suppose that is an isomorphism over q (q e U(R) is a 1-point), and 
g e ^(l)" 1 ^) is such that n T(^(l)) 7^ 0. then g is a 1-point, and (by 

Remark 9.6) 

U = U R t (l)Cq) ,V = V R i (l)(q)' Wi = (1) (q) W R t (1) (?) ' ( 244 ) 



Step 3. We now apply steps 1 and 2 of the proof to /(l) : X(l) -> F(l) and J?(l). 
We construct a r-quasi-well prepared diagram 



X(2) 


m 


Y{2) 


$(2) I 




1*(2) 


X(l) 


Hi). 
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where R(2) is the transform of R(l) on X{2). Suppose that q 2 £ U{Ri{2)) C Y(2) 
is on a component E 2 of D Y f 2 ) such that * o o $(1) o W(2)(£ , 2 ) is not a point of 
Y and there exists a point p 2 € /(2) _1 (qr 2 ) n T(i?j(2)) C X(2). Let 91 = *(2)(g 2 ). 
V E , 2 (2)(-E2) is necessarily not a point of Y(l). 

Suppose that qi is a 2-point. Then we have an expression (analogous to (237)): 

^(lJCdi) = U | i (2)( ?2 )^ i (2)(92) (245) 

_ / 

™«i(l)(<Ji) _ U K 1 (2)(g 2 )^(2)(92) W K,(2)( 92 ) 
W fl t (l)( 9l ) = U K,(2)fe) W | l( 2)( 92 ) 

=^(2)( 92 ) / (246) 

"%(!)(?!) = U «.(2)fe) W ft(2)( 92 ) W «.(2)(92) 

with e, / > 1. 

Let g = (*£ o \ff' o \P(l))(g 1 ). Since gi lies on a component Ei of -EV(i) which does 
not contract to a point of Y, and n T(Ri(l)) ^ 0, a form (237) or (243) 

holds for 



or 



and 



U Ri(q)> V = V RiW W * =V %(q) 



M i?,(l)(gi)' W fl,(l)(9i)' U> R I (l)(9i)- 



Suppose that (237) holds at q\. Substituting (245) and (246) into (237), we see 
that since q 2 is on a component E 2 of D Y ( 2 ) which does not contract to q, then we 
have that (245) holds, and an expression 

u = u Ri{q) =u- n , {2){q2) 

v = v Xi(i) = u |(2) (92 )^(2)te) (247) 

W = WR ^ = 4 2 ,(2)( 92 )4 I (2)( (?2 ) W « I (2)( 92 ) 

with e 2 ,f 2 > 2. 

Suppose that (243) holds at q 1 . Substituting (245) or (246) into (243), we see that 
since q 2 is on a component of Dy( 2 ) which does not contract to q, we have that (246) 
holds we have and an expression 

U = U Rd2)(l2) V Ji t ( 2 ) {q2 y V = W H,(2)(ffl)' U, < = U | t (2)( 92 )4 2 l (2)( 92 ) W; « l (2)( 92 ) 

(248) 

with e 2 ,f 2 > 2. 

Suppose that q\ is a 1-point. Then we have an expression (analogous to (243)) 

U Ri(l)(qi) = U K,(2)(g 2 ) W f,(2)( 92 )' 

V fl l( l)( 9l ) = ^(2)(, 2 )> (249) 

with m,n > 1, or (analogous to (244)) 

' J Ri(2)(g^)' m R i (l)(cn) = U R,(2)( q2 ) W R,(2)(c 2 , 

(250) 

Since qi lies on a component E\ of D Y m which does not contract to a point of Y, 
and f(l)- 1 (q 1 ) nT(^(l)) ^ 0, a form (244) holds at qi for 



^iUXsi) ~ U R^(2)(q2) V R ^ ( 2 )( q2 ) W R^(2)(q2) 



U Ri(l)(qi) ~ U R i (2)(q 2 y V R i (l)(q 1 ) - V R % (2)(q 2 y m R,(l)( qi ) ~ U R i (2) (q 2 ) (2) (g 2 ) ' 
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and 



U R 1 {l)(g 1 y V R i (l)(q 1 y W R i (l){q 1 y 



Substituting (249) and (250) into (244), we see that since q\ is on a component E\ 
of D Y (i) which does not contract to q, we have 

U = U R.(2)(q 2 ) V 7i t (2)( q2 )> V = V R t (2)(g a y W i = U | s (2)( 92 ) W l l (2)( 92 ) U; "R l (2)( 92 ) 

(251) 

with m, n > 0. 

Iterating steps 1 and 2, we construct a sequence of r-quasi-wcll prepared diagrams 



1 




1 


X(n) 




K(n) 


*(n) | 




|*(n) 


(n-1) 




y(n- 


1 




I 


1 




I 


X(l) 


/a) 


Hi) 


*(1)J. 








y. 



We continue this algorithm as long as there exists q n £ U(Ri(n)) for some i such 
that q n is on a component E of D Y ( n ) which does not contract to a point of Y, and 
f{n)-\q n )^T{R t {n))^$. 



Step 4. Suppose that the algorithm never terminates. 

Let v be a 0-dimensional valuation of k(X). We will say that v is resolved on X(n) 
if the center of v on X(n) is at a point p„ of X(n) such that either p n £ T(R(n)) or 
p n G T{R{n)) and all components S of D Y ( n ) containing q n = f(n)(p n ) contract to a 
point of Y. 

By our construction, if v is resolved on X(n), then v is resolved on X(m) for all 
m > n. Further, the set of v in the Zariski-Riemann manifold il(X) of X [Z] which 
are resolved on X is an open subset of Q(X). 

Suppose that v is a 0-dimensional valuation of k(X) such that v is not resolved on 
X(n) for all n. Let p n be the center of v on X(n), g„ be the center of v on Y(n). 

For all n, we identify v with an extension of v to the quotient field of Ox n , Pn which 
dominates Ox n , Pn - 

First suppose that the center of v on Y is a 2-point. 

There exists an i such that for all n, q n G U(Ri(n)) andp„ £ f(n)~ 1 (q n )r\T(R i (n)). 
We have expressions (after possibly interchanging u and v) 

U = U Rdq) = U Ri(n)(q n ) 

V = V RdQ) U %(n)(q n )^(n)(q n ) (253) 

W = «^,(,) = U 1! 1 („)( (Z „)^(„)( 9 „) U> R I (™)( 9 „) 

with e„, /„ > n for all n. 
From (253), we see that 
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v(v) > nv(u) for all n G N. (254) 

Thus v is a composite valuation, and there exists a prime ideal P of the valuation 
ring V of v such that v G P, u £ P. Let v\ be a valuation whose valuation ring is 
Vp. We have vi(u) = 0, vi(v) > 0. From (253) we see that 

vi{w) > nvi{v) > (255) 

for all n G N. 

At f> = po G X, we have a form (216), (221), (224) or (225). In (216) we have 
v\ (x) — and d > 0, a contradiction to (255). In (224) we have v\{y) — 0. = 
is a local equation of Dx at p. Thus either a > or d > 0. If a > then ^i(x) = 
and ^i(z) > 0, a contradiction to (255) since / ^ 0. If d > 0, we again have a 
contradiction to (255). In (225) we have a contradiction to (255), since vi(x) — and 
e,/>0. 

Suppose that (221) holds. In this case a more detailed analysis is required. By our 
construction and with the notation of steps 1 and 2, there exists a factorization 



X(l) 


m 


Y(l) 


mi 






X' 


4 


y 


*' 4 




1 *' 


x n 




Y„ 


$4 






X 




y. 



Recall that pi is the center of v on X(l), p is the center of ^ on X, q\ is the center 
of v on Y(l), and q is the center of v on Y. 

Let p' be the center of v on X', q' be the center of i/ on 7'. 

At y' — > y is a sequence of blow ups of prepared 2-points of type 1, and 
2-curves, and at p', 

x' -» y 

I i 

x -» y 

is obtained by iterating the constructions of Remark 8.3 and Lemma 8.6. 
Let 

By equations (254), (255) and (221) we see that 

v{y) > nv(x) and v\{x) = 0, v\{z) > nv\{y) (256) 

for all n G N. 

We see (by a variant of the analysis of (221), using (256)), that there exist permis- 
sible parameters x',y', z' at p 1 such that 

v! = (x>r,v' = (x'y'iv'YM - {x'T\y') s z' 

where a,d,f are the constants of (221) and c',e' G N. ^(l) is the blow up of the 
curve C which has local equations v' = = at q' . The construction of X(l) — ► X' 
(Remark 8.11) is analogous to the analysis of Lemma 8.4. There exists a factorization 

X(l) = W m ^ > W 2 -» Wi - X' 

where Wi — > X' is a sequence of blow ups of 2-curves and 3-points, and each Wj+i — > 
Wj is a curve containing a 1-point in the locus where X^Owt ^ n °t invertible. 
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Let pi be the center of 1/ on Wj. By the analysis of the proof of Lemma 8.4, and 
(256), we see that there exist permissible parameters Ji, 2/1,21 at p\ such that 

u' = x$,v' = ot^yf, w'i = x^y{zi 

with (ci,d) < (ei,/), or d > f and (ci,d) ^ (ei,/). 

If (ci,d) < (ei, /), then X(l) — > Wi is an isomorphism at pi, and we have 

u ' = "^(1X9!)' u = u fl,(i)( 9l )'^ = "^(iXsO^aXsi)' 

We have 

~a ~Ci ~d ~ei— Ci ~f — d~ f r )^.7\ 

U Ri(l){ qi ) — X l' V fl i (l)(gi) — X l fl' W R i (l)( 9 i) — X l wl l Z0 'i 

Suppose that d > / and (c, d) j£ (ei, /). We may assume without loss of generality 
that each Wj+i — > Wi is not an isomorphism at the center of v. 

W 2 — > Wl is the blow up of a curve which either has local equations 

X!=Z!= (258) 

(and Ci > ei), or 

yi=h= (259) 

(and d> /). 

By (256), there exist permissible parameters £2, 2/2, 22 at P2 such that 

Si = £2,2/1 = 2/2, 21 = x 2 z 2 

if (258) holds, 

xi = £2,2/1 = 2/2, zi = 2/2Z2 

if (259) holds. 

We then have that 

u' = x%,v' = x^yj, = x e 2 1+1 y f 2 z x 

or 

u > = x a 2l v' = x^ytw'i = x%y[ +x ~zi. 

By iteration of this analysis for local equations of Wi+i — > Wi, we see that at p\ = p m , 
we have permissible parameters x m , y m , z m such that 

u = x m ,v = x r ^ l y m7 w i = x^y^^Zm 

with ei > c\. 
We have 

U ~Ri(l)(qi) = X "i' V R l (l)(q 1 ) = X m2/m, w R i (l)( 9l ) = %m C± Z m - (260) 

We see by the analysis of (221) that v is resolved on X(2) if (260) holds, so we must 
have that (257) holds at p\. Observe that we must have a reduction f 1 = f — d<f 
in (257) from (221). 

iterating this analysis, we see that we must reach the case (260) after a finite 
number of iterations of step 2. This is a contradiction to the assumption that v is 
never resolved on X(n). 

Now suppose that the center of v on Y is a 1-point. Then there exists an i such 
that for all n, q n G U(Ri(n)) and p n G f{n)~ 1 (q n ) H T(Ri(n)), and either q n is a 
2-point for n >> or g„ is a 1-point for all n. 

q = qo G Y is a 1-point and p = p E f^ 1 (q) H T(Ri). Let 

B = ' i H i (,). t = ^(,).'" = ^W 
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If r > 0, there exist permissible parameters x, y, z at p such that one of the following 
forms hold: p a 1-point 

u = x a , v = y, w, = x b (f(x, y) + x c ~ b z) (261) 

where 7 is a unit series or p a 2-point 

u = (x a y b ) k ,v = z, Wi = (*V)'(7(sV, z) + x c y d ) (262) 

where 7 is a unit series. 

If r = 0, then there exist permissible parameters x, y, z at p such that either p is a 
1-point and 

u = x a ,v = y,Wi =x b (l3 + z) (263) 
with p G k, b > 0, or p is a 2-point and 

u = {x a y b ) k ,v = z,Wi = x c y d (264) 

with ad — be 7^ 0. 

Suppose that there exists n such that q n is a 2-point for all n> n - Suppose that 
n > n . Then by comparing (244), (243) and (245) or (246), we see that (245) cannot 
occur (since we assume some component of D Y ( n ) containing q n does not contract to 
q). We have an expression: 

u = u R i (n) v % (n y 

and e n ,f n ,g n >n-n Q . 

We have v(u) > nv(v) > for all n e N. Thus v is a composite valuation, and 
there exists a prime ideal P of the valuation ring V of v such that u G P, v £ P. 
Let u\ be a valuation whose valuation ring is Vp. We have v\{v) = 0, v\{u) > 0. We 
further have 

ui(wi) > nu^u) > (265) 

for all n G N. 

Suppose that r > (and q n is a 2-point for n > n ). At p = p G X, we have a 
form (261) or (262). In (261) we have 

vi{wi) = ^i(m) 

and in (262) we have 

vi{wi) = -^i(u), 

a contradiction (to (265). 

Suppose that r = 0. If /3 7^ in (263), then the analysis is the same as for the 
t > case, so we may assume that (3 = if (263) holds. 

If (263) holds with (3 = 0, or if (264) holds, we finish the analysis in a similar way 
to the proof when q is a 2-point, and r = 0, given above. 

The final case is when q n is a 1-point for all n. From (244) (and Remark 9.6) we 
see that 

U = U R t (q) = U Ri(n)(q n y V = = (n) (<;„)' W * = ^(g) = M l s („)(g„) ^ (»)(<?„) ' 

so that 

v(wi) > nv{u) > (266) 

for all n G N. 
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Suppose that t > (and q n is a 1-point for all n) . At p = po G X we have a form 
(261) or (262), which implies 

v(wi) = -v(u) 
a 

or 

u(wi) = ^(u), 

a contradiction to (266). 

When r = 0, the proof follows in a similar way to the proof when q is a 2-point 
and r = 0. 

We have shown that for all 0-dimensional valuations v of k(X), there exists n such 
that i/ is resolved on X(n). 

By compactness of the Zariski-Ricmann manifold [Z] there exists N such that all 
v G f2(X) are resolved on X(N), a contradiction to our assumption that (252) is of 
infinite length. The diagram 

X(N) y(AT) 
I I 

x -» y 

thus satisfies the conclusions of Theorem 9.7. 

□ 

Theorem 9.8. Suppose that r > 0, / : X — > Y is r-quasi-well prepared with relation 
R. Then there exists a commutative diagram 

x 1 ^ y 
$ | i * 

X Y 

such that $ and ^> are products of blow ups of possible centers and f\ is r-quasi-well 
prepared with relation R 1 and pre-algebraic structure. Further, R has an algebraic 
structure. (R 1 will in general not be the transform of R.) 

Proof. By Theorem 9.7 there exists a r-quasi-well prepared diagram (201) as in the 
hypothesis of Lemma 9.5. Then Lemma 9.5 implies that the conclusions of Theorem 
9.8 hold. □ 

Lemma 9.9. Suppose that r > 0, / : X — > Y is r-quasi-well prepared with relation R 
and pre-algebraic structure (or t -well prepared with relation R), q G U(R) is a 2-point 
andp G f~ x {q) DT(i?j) for some i. Suppose that E is a component of D Y containing 
q. Let C = E-S^.{q). 

Let ^> n : Y n — ► Y be obtained by blowing up q, then blowing up the point q\ which 
is the intersection of the exceptional divisor over q and the strict transform of C on 
y, and iterating this procedure n times, blowing up the intersection point of the last 
exceptional divisor with the strict transform of C . Let 

y La v 

$n i i 

X ^ Y 

be a r-quasi-well prepared (or r-well prepared) diagram of R and ^ n obtained from 
Lemma 8.6 (so that is an isomorphism above f^ 1 (Y — E(y))). 

Suppose that for all n > there exists a point p n G ^^(p) (~l T(Rf) such that 
fn{Pn) = <Zn G *^ 1 (g) (~l C n , where C n is the strict transform of C on Y n . Then C is 
a component of the fundamental locus of f . 
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Proof. The proof follows from Step 1 of the proof of Theorem 9.7. Let 

After possibly interchanging u and v, v = Wi — are local equations of C at q. 
By our construction of ^f n , we have that 

Ul = u K(in)> Vl = "«?(«„)' = w R:( qn ) 

are defined by 

u = u\,v = UiVi, Wi = 
We must have an expression (216), (221), (224) or (225). It follows, as in the 
analysis of step 1 of Theorem 9.7 that C is in the fundamental locus of /. 

□ 

Theorem 9.10. Suppose that r > and f : X — > Y is r-quasi-well prepared with 
relation R and pre-algebraic structure. Further suppose that R has an algebraic struc- 
ture. Then there exists a commutative diagram 

X 1 ^ Y 1 
$ I j * 

X Y 

such that $,<!' are products of blow ups of possible centers and fx is r-well prepared 
with relation R 1 . (In general, R 1 is not the transform of R). 

Proof. 1 and 2 of Definition 7.3 of a r-well prepared relation R hold by assumption. 

For i ^ j, Let be the set of points q G U(Ri) fl U(Rj) such that neither an 
expression (130) nor (131) of 3 of Definition 7.3 holds between a^.^ and w-^ ^ q y We 
see by 3 of Definition 7.1 (and (118) - (120)) that Hij is a finite set. 

Let : Y\ — > Y be the blow up of the union of the sets 

{q e Ha I r\H l0 ) n [T(R t )UT(R 3 )] ? 0}. 
By Lemmas 8.6 and 8.8, there exists a r-quasi-well prepared diagram 

Xx ^ Yi 



$i I I* 
X Y. 



We define finite sets H}j in the same way for the transform R 1 of i?, and iterate to 
construct a r-quasi-well prepared diagram 

y hx v 

- v n r 1 n 
$n i I *n 

X n -i — ► Y n _i 

: : (267) 

I _ | 

X x ^ Yx 
X ^ Y, 

continuing as long as f' 1 ^) n [T(R?) U T(K?)] ^ for some i ^ j. 

Suppose that (267) doesn't terminate after a finite number of blow ups n. Then 
there exist i ^ j and a valuation v of the function field k(X) of X such that the center 
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p n of v on X n and the center q n of v on Y n satisfy q n G HQ, p n G f~ 1 (HQ) H T(R?) 
for all n. 

For all n, we may identify f with an extension of t/ to the quotient field of O ^ 
which dominates &x n Pn ■ 



Let 



U„ — U ~R%(q n )' V n — V R^(q n )' W ni ~ "^R" (g„) ' ~~ V> R^(q n )' 



(268) 



(269) 



We have 

u n = u n+1 ,v n = u n+1 (v n+1 +a n+1 ),w ni = u n+1 w n+lii ,w nj = u n+1 w n+lj 
with a n+ i G k, or 

U n = U n+ iV n+ i,V n = V n+ i,W ni = V n+ iW n+ i ti ,W n j = V n+ iW n+1 j 

for all n. 

The relation 

W n j = W ni + \™(u n ,V n ) 

of 3 of Definition 7.1 transforms as 

.„+!, . \? j (u n+1 ,u n+1 (v n+1 + a„+i)) 
A 4 T (u„ + i,w„+i) = 

if (268) holds, and transforms as 

A" +i (u„+i,w„+i) = 

«n+l 

if (269) holds. 

Let J-"„ be the germ at q n of the divisor A™ = 0. By embedded resolution of plane 
curve singularities, there exists n such that D x + T n is a SNC divisor at q n for all 
n> n . If g„ is a 2-point for some n > no, we have that </„ ^ a contradiction, so 
we have that q n is a 1-point for all n > n . Thus a form (268) holds for all n > n . 
We have 

in ■ — v n ~ n °vi ■ 

w riQi — u rto w ni' 

Thus 

v{w noi ) > nu{u na ) > (270) 

for all positive n. 

Suppose that t > 0. Since q no G U(R™°) is a 1-point, we have permissible param- 
eters x, y, z at p no such that 

u no = x a ,v no = y, w noi = x c -f (271) 

where 7£0y „ is a unit series, or 

u no = (x a y b ) k ,v no = z, w no4 = (aV)S (272) 

where 7 G 0<> „ is a unit series. In either case, we have a contradiction to (270). 
If t = 0, then we have one of the following forms at p no . 

u no = x a ,v no = y, w noi = x c (z + (3) 

with (3 G k, or 

u no — V ) j ^no = ^; ^no,i — % y 

with a, 6 > and ad — be ^ 0. 
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We obtain a contradiction to (270), as in the r = case, unless we have the form 

u no % ; ^no V: ^noi X Z. 

Now by an argument similar to the case r = of Theorem 9.7, we obtain 

T f n (Pn) = -oo 

for n » 0, a contradiction. 

Thus (267) terminates in a finite number of steps n. Let (R n )' be the restriction 
of R n , defined by 

U{{R%) = f n (T(R?))- 

Let 

n((R n )i) = n(fl?) - MR?) - u((R n )% 

We have that /„ : X n — > Y n with relation (R n )' satisfies 1, 2 and 3 of Definition 
7.3 of a r-well prepared morphism. 

There exists a sequence of blow ups of 2-curves : Y\ — ► Y n such that 4 (as well 
as 3) of Definition 7.3 hold for the transforms {R t } of the {(-/?")■} on Y x at all 2- 
points of U((R )■), by Lemma 5.14 [C6]). By Lemma 8.1, there exists a r-quasi-well 
prepared diagram 





h 


Yx 


$1 1 






x n 


h 


Yn 



of (-R™)- and where $i is a product of blow ups of 2-curves. Let R 1 be the 
transform of (R n )' on X\. fx is r-well prepared with relation R 1 . □ 

Theorem 9.11. Suppose that r > and f : X — > y is r-well prepared with relation 
R. Then there exists a commutative diagram 

X, A Y, 
$ | | * 

x ^> r 

smc/i i/iai are products of blow ups of possible centers and fx is r-very-well pre- 
pared with relation R . (In general, R 1 is not the transform of R). 

Proof. Let il = Gy (/, t) — 0(/, Y"). is a finite set by Remark 5.16. 

Let R' be the restriction of R to fi. R' has algebraic structure determined by the 
algebraic structure of R. 

By Theorem 9.3, there exists a r-well prepared diagram 

x 2 h Y 2 

$2 I I *2 

X ^ Y 

for R where $2 and \& 2 are products of blow ups of possible centers such that / 2 is 
r-well prepared for the transform R 2 of R' , and there exists an open subset V C Y 
such that Y — V is a finite set of points and / 2 is toroidal over ^> 2 ~ 1 (V). Further, 
V fl Gy(f, t) = Q(,f, Y). Since f2 is finite, we may modify the R', so that U{R' i ) is a 
single point {gj} for all primitive relations R\ associated to R! . 

Let R\ be a primitive relation associated to R 2 . Then U(R' i ) = {qi} for some 
a, e 0. n(i2Q is a neighborhood of ^ on a surface in Y, and Q(R 2 ) — > Q{Ri) 
is a projective birational map. Suppose that £7 is a component of £>y 2 such that 
7 = E ■ £1{R 2 ) dominates a curve (containing m) of 0(i?-). Then a general point 77 
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of 7 is a 1-point over which f 2 is toroidal, since ^lij]) G V. Hence f 2 is finite over a 
general point of 7, and 7 is not in the fundamental locus of f 2 . Further, by Remark 
9.6, if q £ 7 n U(Rf), and / 2 _1 (g) n T(Rf) ^ 0, then q is a 2-point. 
By Lemma 9.9, there exists a r-well prepared diagram (for R 2 ) 

X 3 $ Y 3 

*3 I 1*3 

x 2 h Y 2 

where ^3 is a product of blow ups of prepared 2-points (of type 1 in Definition 7.5) 
such that if R 3 is a primitive relation associated to the transform R 3 of R 2 , E is a 
component of Dy 3 , and 7 = E ■ £l(i? 3 ) is not exceptional for fl(Rf) — > f2(.R^), then 
7 n f 3 (T(R 3 )) = 0. We further have that / 3 (T(i? 3 )) n 7 = 0. We see this as follows. 
Suppose that p £ f 3 (T(R 3 )) n 7. ^3 (i?) is a component of £>y 2 . Thus p is on the 
strict transform 7' of ^3 (i?) • on Y3, which is not exceptional for \I>2- Since 

j' = E ■ n(R 3 ), we have a contradiction. 
Let 



I 7 = S R 3 (q) ■ E such that E is a component of Dy 3 , 
I R 3 is associated to i? 3 and q £ f 3 (T(R 3 )) n ) 



We have that all 7 € W 3 contract to a point on Yi. Let 

z 3 -~ 



q £ U(R 3 ) - f 3 (T(R 3 )) such that there exist 7^7,- £ W 3 
such that 7i 7^ 7^ and g G 7i fl 7 j . 



Suppose that q G Z 3 . Then there exist 7* = S R 3(pi) ■ E\ £ W 3 and 7^ = 



•Sii 3 fe) ' &2 & W 3 such that q £ 7$ fl 7j and 7, ^ 7,-. 

7i and 7j are exceptional, so they contract to the common point = G U(R'). 
thus 7i and 7j are contained in Q(R 3 ) and fl(Rf) respectively. 

The points of Z 3 are prepared 2-points for R 3 (of type 1 of Definition 7.5). Let 
^4 : Y4 — > Y3 be the blow up of Z 3 . By Lemma 8.6, there exists a r-well prepared 
diagram 

*4 j I *4 

*3 ^ ^3 

of i? 3 and ^4. Let i? 4 be the transform of R 3 on X4. 
Define 



7 = S-^i (q) ■ E such that E is a component of Dy i , 

i? 4 is associated to R 4 and q G ^ (f 3 (T(R 3 ))) n f/(^) 



g G [/(i? 4 ) - #7 ^(T^ 3 ))) such that there exist G W 4 

such that 7^ 7^ jj and g G 7j fl 7j . 

We necessarily have that the curves in W4 are strict transforms of curves in W 3 . 
We can iterate, blowing up Z4, and constructing a r-well prepared diagram, and 
repeating until we eventually construct a r-well prepared diagram of i? 4 



X 5 


h 


Y 5 


*5 I 




1*5 


x A 


h 


Y A 
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such that ^5 is a sequence of blow ups of prepared 2-points (of type 1 of Definition 7.5) 
and if 7l = S^( qi )-Ei, 72 = S^q,) ■ E 3 , for q t £ U(r\) n (* 4 ° * 5 )- 1 (/ 3 (T(i? 3 ))) 

(where i? 5 is the transform of R 4 ) and Ei,E2 components of fly 5 , are such that 
7i ^ 72, then 7l n 72 C U(R 5 ) n * 5 ) _1 (/3(T(i? 3 )). 

We now construct pre-relations i? 4 on Y5 with associated primitive relations R* 
for / 5 . 

Let T(R*) = T(Rf) and let 

U(R*) = U(Rf) n (* 4 o * 5 )" 1 (/ 3 (T(i? 3 ))). (273) 

For q' £ t/(i?*), define i?*(q') = i^g')- For p e T(i?*) define JJJ(p) = i?- (/ 6 (p)). 
Let iT be the relation for / 5 defined by the i?*. Let = O(^). 

For all i?*, let 

^(^5) = {7 = E a ■ Sft*(q) such that q £ U(R*), E a is a component of £>y 5 j . 

Recall that these curves are all exceptional for ^ 2 ^3 o \J> 4 o \I> 5 . 

By our construction, Lemmas 8.4, 8.1, 8.6, 8.7 and 8.8, and Remark 8.2 and 2 
of Remark 8.11, every curve 7 £ Vi(Y 5 ) is prepared for R 5 of type 6. By (273), we 
now conclude that every curve 7 £ Vi(Y 5 ) is prepared for R* of type 6. 1 and 2 of 
Definition 7.7 thus hold for and R* . 3 of Definition 7.7 holds for /s and R* since 
for all R { , Vi(Y 5 ) consists of exceptional curves of Q(Ri ) contracting to a nonsingular 
point qi £ 0(i?J. Thus f$ is r- very- well prepared with relation i?*. 

□ 

Theorem 9.12. Suppose that f : X — > V is prepared and r = Tf(X) > 0. T/ien 
iftere exisis a commutative diagram 

X x ^ Yi 
$ I 1 * 

x ^> r 

smc/i iftai /1 is prepared, ^ are products of blowups of 2-curves, Tf 1 (X\) < t, and 
Gy 1 (fi,T) contains no 3-points and no 2-curves, so that fx is t -prepared. 

Proof. This is immediate from Lemma 4.1 [C7] and Lemma 5.4. □ 

Theorem 9.13. Suppose that f : X — > Y is prepared, and r = Tf(X) > 0. Then 
there exists a commutative diagram 

X 1 ^> Yi 

I*i 

x ^> r 

swc/i i/iai $1 and ^1 are products of blow ups of possible centers and fi is r-very-well 
prepared with a relation R 1 . 



x l 


h 


Yx 






1* 


X 




Y 
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such that $ and \P are products of 2-curves, and f\ is r-prepared. Now by Theorems 
9.4, 9.8, 9.10 and 9.11, there exists a commutative diagram 



x 2 


h 


Y 2 


i 




I 









where the vertical arrows are products of blow ups of possible centers such that f 2 is 
r-very-well prepared. 

□ 



10. TOROIDALIZATION 

Suppose that / : X — > Y is a proper, birational morphism of nonsingular 3-folds 
with toroidal structures Dy and Dx = / _1 (-Dy), such that Dx contains the singular 
locus of /. 

Theorem 10.1. Suppose that r > and f : X — > Y is T-very-well prepared with 
relation R. Then there exists a T-very-well prepared diagram 

X 1 A Y 1 

I i 
X ^ Y 

such that the transform R 1 of R is resolved (T(R') = %). In particular, f\ is prepared 
and Tf 1 (Xi) < t. 

Proof. Fix a pre-relation R t associated to R on Y, with associated primitive relation 
R t . By induction on the number of pre- relations associated to R, it suffices to resolve 
Rt by a r-very-well prepared diagram (of R) . 
Recall (Definition 7.7) 



Vt(Y) 



( E ■ S such that E is a component of Dy, \ 
{ S = % t (q) for some q e U(R t ) J ' 



Ft = J2-yev t (Y) 7 is a SNC divisor on Q(Rt) whose intersection graph is a forest. 
If 71 = E\ ■ (qi) G Vt (Y) and q G 71 , we will say that 71 is good at q if 
whenever q G U(Ri) for some i, then S-^ (q) contains the germ of 71 at q (so that 

71 = Ei ■ S-fiXq) C Q(Ri)). Otherwise, say that 71 is bad at q. Say that 71 is good if 

71 is good at q for all q G 71. 

Let Yq = Y, X = X, /o = /. We will show that there exists a sequence of 
T-very-well prepared diagrams of the transform of R, 

Xi+i -i Yi + i 

(274) 

-^i — * Yi 

for < i < m — 1 such that the transform i?™ of R t on X m is resolved. 

Suppose that 71 G Vt(Y) and g G 71 is a bad point. By Remark 7.8, we have 
that q G U(Rt). By (131) of Definition 7.3, we have that q is a 2-point. Suppose 
that Ei,E 2 are the two components of Dy containing q, and 71 = E\ ■ (q). Let 

72 = £2 -5^(9). 

We will show that q is a good point of 72. 
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71 not good at q implies there exists j ^ t such that q G U(Rj) and the germ of 

71 at q is not contained in Sj^ (q). Let 

u = U;^ (q),v = vj; t (q) , w t = w^ t (q) . 

After possibly interchanging u and v we have that u = w t = are local equations of 
71, v = w t = are local equations of 72 at q. Let tOj = w^, (q). In the equation 

wj =w t + u atJ v btJ <j) tj 

of (130) of Definition 7.3 we thus have a t j — 0. 

If q is not a good point for 72 then there exists k ^ t such that q G U {Rk) and the 
germ of 72 at q is not contained in (q) ■ Let w k — w-R k (q) ■ In the equation 

w k = w t +u atk v htk 4> tk 

of (130) we thus have b t k = 0. But we must have 

(0,&y) < (otfc.O) or (o t fc,0) < (0,6t fc ) 

by 4 of Definition 7.3, which is impossible. Thus q is a good point for 72. 

Suppose that all 7 <E V t (Y) are bad. Pick 71 e V t (Y). Since 71 is bad there exists 

72 S Vt(y) — {71} such that 72 is good at qi = 71 n 72 (as shown above). 71 (~l 72 is a 
single point since V t (Y) is a forest. Since 72 is bad and V t (Y) is a forest, there exists 

73 € Vt(Y) which intersects 72 at a single point (72 and is disjoint from 71 such that 
73 is good at <72- Since Vt(Y) is a finite set, and the intersection graph of Vt(Y) is a 
forest, we must eventually find a curve which is good, a contradiction. 

Let 7 G V t (Y) be a good curve, so that it is prepared for R of type 6, and is a 
*-pcrmissible center (Lemma 8.10) and let *S?[ : Y{ — > Y be the blow up of 7. 

By Lemma 8.10 we can construct a r- very- well prepared diagram of the form of 
(134) of Definition 7.10 

Y 1 
I 

Y{ (275) 
Y. 

where Y\ — > F/ is a sequence of blow ups of 2-points which are prepared for the 
transform of R of type 2 of Definition 7.5. Observe that if 71 e 14(F) is a good curve, 
with 71 ^ 7, then the strict transform of 71 is a good curve in Vt(Fi). 

We now iterate this process. We order the curves in V t (Y), and choose 7 = 
E • Sn t (q) G V t (Y) in the construction of the diagram (275) so that it is the minimum 
good curve in V t (Y) . 

We inductively define a sequence of r-very well prepared diagrams (274) by blowing 
up the good curve in V t (Yi) with smallest order, and then constructing a very well 
prepared diagram (274) of the form of (275). Then we define the total ordering on 
V t (Y i+ i) so that the ordering of strict transforms of elements of V t (Yi) is preserved, 
and these strict transforms have smaller order than the clement of V t {Y i+1 ) which is 
not a strict transform of an element of Vt(F). We repeat, as long as R\ is not resolved 
(T(i?*)^0). 



I 
I 
I 
X 
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Suppose that the algorithm does not converge in the construction of f m : X m — > Y m 
such that the transform i?™ of R t is resolved. Then there exists a diagram 

I . I 

y A v 
X n .i / - 1 r„_i (276) 

I I 

I _ 4 
x = x /o -5 y y = ^ 

constructed by infinitely many iterations of the algorithm such that T(K£) ^ for 
all n. 

Suppose that q n € U(R t ) is an infinite sequence of points such that ^ n (q n ) = q n —i 
for all n and H! n is not an isomorphism for infinitely many n. q n is either a 2-point 
or a 1-point for all n. 

First suppose that q n is a 2-point for all n. 

By construction, the restriction of to S-^ (gr n ) is an isomorphism onto S^n-i (q n -i) 
for all n. Thus the restriction 

*„ = *i o • • ■ o * n : S^n (g„) -> (ft) 

is an isomorphism, where q = q = *i o • • • o ^ n (q n ). Without loss of generality, 
we may assume that no ^ n is an isomorphism (on Y n ) at q n . We have permissible 
parameters m — u-=i (ft), Vi — v—i (ft), , — w—i (ft) at ft for all i such that either 

Ui = u i+ i,Vi = v i+ i,w t ,i = u i+1 w t .i + i (277) 

or 

Ui = u i+1 ,Vi = v i+1 ,w t .i = v i+1 w t , i+1 . (278) 

Suppose there exists k ^ t such that q n G U(R k ) for all n. 
Let w k i — w-gi (ft) for i > 0. 
The relations 

of (130) of Definition 7.3 transform to 

under (277), and transform to 

Wk,%+i - w t ,i+i = K+i v i+'T 1( f>t,k 

under (278). But we see that after a finite number of iterations q n £ U(R%), unless 
a-tk = btk = — oo. Thus there exists no, such that whenever n > no, q n & U(R k ) if 
k^t and a kt ,b kt ^ -oo . 

Now suppose that q n is a 1-point for all n. We have permissible parameters 

Ul = U Rl Vl = V Rl W *< 1 = W "R* 

at ft for all i such that 

Mi = Ui+i,Vi = Vi+i,w t ,i = u i+ iw t .i + i 
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for all i. 

Suppose that there exists k ^ t such that q n G U(R k ) for all n. Let 

w k ,t = w-g^i) 

for i > 0. The relation 

W k ,i ~ W t .i = u^ k (j> t . k 
of (131) of Definition 7.3 transforms to 

Wk,i+i - wt.i+i = u^ + \ Vt,fe- 

Thus after a finite number of iterations, q n g U(R k ) unless c t ,k = —oo. Thus there 
exists hq such that when n > no, q n £ U(R k ) if k ^ t and c t .k ^ -oo. 

By our ordering, we have that there exists an hq such that if n > no, 7 G Vt(Y~„) is 
good and if k is such that 7 n £/ ^ then a kt ,b kt = —00 (or c r fe = —00), so that 
the Zariski closures of fl(R k ) and fl(R t ) are the same. Thus all elements of Vt(Y n ) 
are good for n > n a , since otherwise, there would be a bad curve 71 £ ^(^n) which 
intersects a good curve 72 at a point q' at which 71 is not good. But then we must 
have that there exists k 7^ t such that the Zariski closure of fl(R k ) is not equal to the 
Zariski closure of fl(R t ), and q' G U(R k ), so that 72 fl U(R k ) 7^ 0, a contradiction. 

Our birational morphism of f2(i? t ) to il(i?t) is an isomorphism in a neighborhood 
of U(R t ). Thus we have a natural identification of V t (Y n ) and V t (Y), and we see that 
for n > no, the ^ n cyclically blow up the different curves of Vt(Y). 

Since i?" is (by assumption) not resolved for all n, there are points p n G T(R r t l ) C 
X„ such that $„(p„) = p n -i, and f n {Pn) = q n G ?/(i? t ) for all n. Without loss of 
generality, we may assume that no ^ n is an isomorphism at q n . 

We have that all q n are 1-points or all q n are 2-points. 

First suppose that all q n are 2-points. 

With the above notation at q n = f n (Pn), we have that (277) and (278) must 
alternate in the diagram (276) for n > no, by our ordering of Vt(Y n ). Let p = po G 
X = X , q = q = f(p)- 

We have 

u = u n ,v = v n ,w t = Un n Vn n W t , n (279) 

where 

and a n , b n are positive integers which both go to infinity as n goes to infinity. 

There exists (by Theorem 4 of Section 4, Chapter VI [ZS]) a valuation v of k(X) 
which dominates the (non-Noetherian) local ring U n >o0x„,p„, and thus dominates 
the local rings Ox n , Pn for all n. Without loss of generality, we may identify v with 
an extension of v to the quotient field of Ox n , Pn which dominates Ox n , Pn for all n. 

Let x, y, z be permissible parameters for u, v, w t at p. Suppose that p is a 3-point. 
Write (in 6 X , P ) 

u = x a y b z c 

v = x d y e zf (280) 
w t — x 9 y h z l -f 

where xyz = is a local equation of Dx at p and 7 is a unit series. 

We may permute x,y, z so that < v(x) < v(y) < v{z). We have (from (279)) 

v(w t ) — nv(u) — nv(v) > 
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for all n € N. Thus 

< (g — na—nd)i;(x) + (h—ne — nb)i'(y) + (i — nf — nc)i'(z) < ((g+h+i) — nf — nc)v(~z) 

for all n. Thus / = c = 0, but this is impossible, since uv = is a local equation of 
Dx at p. 

There is a similar but simpler algorithm if p is a 1-point or a 2-point and r > 0, 
since w t = is supported on Dx at p. 

Suppose that r = (and all <?„ are 2-points). We have that w t — is a divisor 
supported on at p, so that the argument for r > works in this case also, or we 
have one of the following two special forms: 

p a 1-point 

u = x a ,v = x b (a + y),w t = x c z (281) 

or p a 2-point 

u = x a y\v = x c y d ,w t = x e y f z (282) 

with ad — be =/= 0. 

In the diagram (275) we have that q\ e U(R\) implies Y\ — > F/ is an isomorphism 
near q\ . X\ — > X factors in a neighborhood of gi as a diagram 

*i - w m ^? w ro _! - — >w x hx 

where Ai : W\ — > X is a sequence of blow ups of 2-curves and 3-points, and each 
Aj + i is the blow up of a possible curve Ej containing a 1-point and the center p- of 
v on Wj, such that X^Ow is not invertible. 

Without loss of generality, we may assume that u — w t — are local equations of 
7 at q. 

We have a form (281) or (282) at the center p l of v on W\, where (a, b) < (e, /) or 
(a, b) > (e, /) if (282) holds. 

Suppose that a < c in (281), or (a, 6) < (e, /) in (282). Then l 1 Ow 1 ,p 1 is invertible. 
Thus W m — W\ , and in a neighborhood of q\ , X\ — > X is a sequence of blow ups of 
2-curves. Further, we have an expression of the form (281) or (282) at p\. 

Suppose that a > c in (281). Then A2 is the blow up of a curve with local equations 
x = z = at p 1 . Since v(z) > nv{x) for all n G N, at p 2 we have regular parameters 
X2,V2, Z2 defined by 

x = x 2 ,y = y 2 , z = x 2 z 2 

and we thus have 

u = x 2 ,v = x 2 (a + y2),w t = x 2 +1 z 2 . 
Iterating, we see that p m has permissible parameters x m , y m , z m such that 
u = x^ n ,v = x b m (a + y m ),w t = x a m z m . 
The permissible parameters ui,vi,wt,i at q\ are defined by 

U = Ul, V = Vl, Wt = UlWtl- 

Thus 

Mi = x a m , v l =x b m (a + y m ), w tl = z m 

and we have T/ X (pi) = — exo, a contradiction. 

We have a similar analysis if (a, b) > (e, /) in (282), leading to the conclusions that 
Tf 1 (pi) = —00, a contradiction. 

We thus see that for all n in (276), X n — > X n _\ factors as a sequence of blow ups 
of 2-curves at q n . 
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Suppose that there exists no such that p no is a 1-point, and thus p„ is a 1-point 
for all n> no- Then we see that X n+ \ — > X n is an isomorphism at p n for all n> no- 
At p„ there are regular parameters x, y, z such that 

u no = x a ,v no = x b (a + y),w tno = x c z, (283) 

and q n has regular parameters 

Substituting into (283), we have a contradiction as soon as 

c 

n > — h no. 

a 

Now suppose that p n is a 2-point for all n. Then a form (282) holds at pi, and at 
p„, we have regular parameters x n ,y n , z n defined by 

x = xC 11 yC 12 , y = x r n 21 y r n 22 ,z = z n (284) 

such that r" x r22 — ^i2 r 2i = ±1- 

Now from (279), (282) and (284), we see that 

v{x e y f ) - nv(x a y b ) - nv{x c y d ) > 

for all n € N, a contradiction, since ad — be ^ 0. 

The argument is simpler in the case when q n is a 1-point for all n. (279) becomes 

u = u n , v = v n , w t — U^ n W t ,n (285) 

where a n goes to infinity as n goes to infinity. 

Suppose that r > 0. If p e f~ 1 (q), u = is a local equation of Dx at p, and 
w t — is supported on Dx at p. Thus (285) leads to a contradiction. 

If t = 0, there is a similar argument to the above case of q n a 2-point for all n and 

T = 0. 

Thus the algorithm converges in a morphism f m : X m — > y m such that T(R™) = 0, 
and after iterating for each primitive relation associated to i?, we obtain the construc- 
tion of fi : X\ — > Fi , as in the conclusions of the theorem, such that /i is prepared 
and Tf t (X\) < t. 

□ 

Proof of Theorem 1.2 First suppose that X and Y are proper over k. By resolution 
of singularities and resolution of indeterminacy [H] (cf. Section 6.8 [C6]), and by [M], 
there exists a commutative diagram 

X 1 ^ Yi 
$i I I * i 

X i Y 

where $i, are products of possible blow ups of points and nonsingular curves 
supported above Dx and Dy, such that X\ and Y\ are nonsingular and projective. 
Further, D Yl = ^(Dy) and D Xl = ^(Dx) = f^{D Yl ) are SNC divisors, and 
Dx x contains the locus where /i is not smooth. By Theorem 3.9, we can construct a 
commutative diagram 

x 2 h Y 2 

$2 I I *2 

X\ A Y 1 

such that $2 and *S?2 are products of possible blow ups of points and nonsingular 
curves, such that f 2 is prepared for Dy 2 = \E , 2 ~ 1 (^Vi) and Dx 2 = $2 1 (Dx 1 )- 
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Now by descending induction on r = Tf 2 {X 2 ) and Theorems 9.13 and 10.1, there 
exists a commutative diagram 



A 3 - 


Y 3 




1*3 


v h 
A 2 — > 


Y 2 



such that $2 and \&3 are products of blow ups of possible centers, fs is prepared, and 
7-/3(^3) = -00. 

Thus /3 is toroidal, and the conclusions of the theorem follow. 

Now suppose that A and Y are (not necessarily proper) abstract varieties. There 
exist (by [N]) proper k- varieties X and Y such that X is an open subset of X, and 
Y is an open subset of Y. After possibly modifying X and Y by blowing wp X — X 
and Y — Y, we may assume that F\ = X — X and F 2 = Y — Y are closed subsets of 
pure codimension 1 in A", Y respectively. 

Let Dx be the Zariski closure of Dx in X, Dy be the Zariski closure of Dy in Y . 

Let Dj^ — Dx + Fi, Dy = Dy + F 2 . By resolution of indeterminancy, after 
possibly modifying X by blowing up subvarieties of X supported above D^ , we have 
that the rational map / : X — > Y which extends / : X — > Y is a morphism. 

The hypotheses of Theorem 1.2 arc satisfied for / : X — > Y, so by the first part of 
this proof, there exists a commutative diagram 

X 1 h Yi_ 
$ I I * 

x X F 

satisfying the conclusions of Theorem 1.2. 

Let Xi = ^PO, Fi = * _1 (F), /1 = li I A-!, $ = ¥ I £>!, * = * | Y x . Then 

A x ^ Yi 

$ I I * 

A ^ Y 
satisfying the conclusions of Theorem 1.2. 

11. List of technical terms 
(See also Section 2, Notation) 



admissible center: Definition 6.2 

fundamental locus: Remark 3.5 

G x (f,r): Definition 4.4 

Gy(f,T): Definition 4.4 

good at p for /: Definition 5.6 

monomial form: Definition 3.4 

perfect for /: Definition 5.13. 

permissible center: Definition 7.9 

*-permissible center: Definition 7.10 

permissible parameters: before and after Definition 3.1 

possible center: Section 2, Notation 

prepared point or curve of type 1-5: Definition 7.5 

prepared curve of type 6: Definition 7.6 

prepared morphism 
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prepared morphism of 3-folds: Definition 3.6 
r-prepared morphism: Definition 4.4 
pre- r-quasi- well prepared: Definition 7.1 
r-quasi-well prepared: Definition 7.1 
r-well prepared: Definition 7.3 
T-very-well prepared: Definition 7.7 
relation 

quasi-pre- relation: Definition 6.1 

pre-relation: Definition 6.3 

algebraic pre-relation: Definition 6.4 

primitive relation: Definition 6.5 

relation: Definition 6.5 

algebraic relation: Definition 6.5 
resolved quasi-pre-relation: after Definition 6.1 
resolved relation: after Definition 6.5 
resolving curve: Definition 7.4 
super parameters: Definition 5.1 
Tf(p): Definition 4.1 
Tf(X): after Definition 4.1 

T-quasi-well prepared diagram: after Definitions 7.9 and 7.11 
Q(f,Y): Definition 5.15 

toroidal forms for u,v,w: after Definition 3.3 
toroidal forms for u,v: Definition 3.1 
torodial morphism: Definition 3.3 
transform of a pre-relation: after Definition 6.2 
transform of a relation: after Definition 6.6 
weakly good at p for /: Definition 5.7 
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